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Introduction

Control theory is a sub-�eld of mathematical optimization. It concerns itself with the in�u-
ence of a so called control function on a dynamic system. Therefore control theory has many
applications in the natural sciences and engineering. A classical and rather old example from
mechanics is the inverted pendulum problem. Examples of an inverted pendulum problem are
the famous Segway or the �rst stage of the recent SpaceX Falcon 9 rocket. This problem belongs
to a special class of optimal control problems, which are called linear quadratic (LQ) control
problems. These problems are characterized by a controlled dynamical system, which is a lin-
ear di�erential equation, and the aim of minimizing a related quadratic cost functional which
penalizes the control and the dynamics.

In this thesis we are interested in the following LQ-problem. We consider the stochastic heat
equation with linear multiplicative noise and Dirichlet boundary condition. Let H := L2([0, 1])

be the space of square integrable functions on [0, 1] and ∆ = ∂2

∂x2 be the Laplace operator. The
stochastic heat equation is given by the following stochastic partial di�erential equation.

d

dt
X(t, ξ) = ∆X(t, ξ) +X(t, ξ) · Ẇ (t, ξ) ∀t ∈ (0, T ], ξ ∈ (0, 1)

X(t, 0) = X(t, 1) = 0 ∀t ∈ (0, T ], (0.1)

X(0) = x0 ∈ H,

where x0 ∈ H is the initial value and Ẇ represents space-time white noise on a �ltered prob-
ability space (Ω,F , (Ft)t≥0,P). We introduce a control u : [0, T ]× Ω→ H to this system. The
controlled stochastic heat equation reads:

d

dt
Xu(t, ξ) = ∆Xu(t) + u(t) +Xu(t, ξ) · Ẇ (t, ξ), ∀t ∈ (0, T ], ξ ∈ (0, 1)

Xu(t, 0) = Xu(t, 1) = 0 ∀t ∈ [0, T ], (0.2)

Xu(0) = x0 ∈ H.

For this type of problem, when the control enters the interior of the domain, we speak of a
distributed control problem. Another type of control is the boundary control, where the control
in�uences the boundary conditions. The goal is to �nd a predictable square integrable optimal
control u ∈ L2([0, T ]× Ω;H), which minimizes the quadratic cost functional:

J(u) = E

[∫ T

0

(‖Xu(t)‖2 + ‖u(t)‖2)dt+ ‖Xu(T )‖2
]
. (0.3)

The solution to this distributed linear quadratic control problem is well known. Let L(H) be
the space of bounded linear operators on H and P : [0, T ]→ L(H) an operator valued function.
The optimal control is given by

ū(t) := −P (T − t)X ū(t), t ∈ [0, T ], (0.4)
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where P solves a variational operator Riccati equation. Let H1
0 ⊂ H for the Sobolev space of

square-integrable functions on [0, 1] with existing �rst order weak derivative and zero boundary
conditions. We use the Notation a(x, y) := 〈∇x,∇y〉H = −〈∆x, y〉H for x, y ∈ H1

0 . Find
(P (t))t∈(0,T ] ⊂ L(H) with P (0) = idH , such that

d

dt
〈P (t)x, y〉H + a (P (t)x, y) + a (P (t)y, x) + 〈P (t)x, P (t)y〉H

= 〈P (t)Cx,Cy〉L2(H) + 〈x, y〉H , ∀x, y ∈ H1
0 , t ∈ (0, T ]. (0.5)

Here L2(H) denotes the Hilbert space of all Hilbert-Schmidt operators and C is the multiplic-
ation operator (C(φ)ψ)(x) = φ(x) · ψ(x), φ, ψ ∈ H.
The goal of this thesis is to study two semi-explicit numerical schemes, which approximate

this function P and subsequently the optimal control function ū. This is vital to engineering
applications. We embed this example into a more general framework to study the order of
convergence of both schemes. The theoretical foundation of this thesis is based on a paper by
Andersson, Djehiche and Larsson [1], which established the existence and uniqueness theory for
a more general operator Riccati equation.
Let k ∈ (0, 1] be the temporal step size and h ∈ (0, 1] be the spatial step size. Let H2 denote

the Sobolev space of square-integrable functions on [0, 1] with existing weak derivatives up to
second order. Let V 1

h ⊂ H1
0 be the �nite element space of continuous piecewise linear functions,

and V 2
h ⊂ H2 ∩H1

0 the �nite element space of continuous piecewise quadratic functions, both
with respect to a triangulation with maximal mesh size h. Let Πi

h, i ∈ {1, 2} denote the

orthogonal projection of H onto V ih . The �rst scheme reads: Find a sequence (P jh,k)Nkj=0 ⊂ L(V 1
h )

with P 0
h,k = idV 1

h
such that

〈
P jh,kφ, ψ

〉
+ ka

(
P jh,kφ, ψ

)
+ ka

(
P jh,kψ, φ

)
+ k
〈
P j−1
h,k φ, P

j−1
h,k ψ

〉
=
〈
P j−1
h,k φ, ψ

〉
+ k
〈
P j−1
h,k ΠhCφ,Cψ

〉
L2(H;H)

+ k
〈
φ, ψ

〉
, ∀φ, ψ ∈ V 1

h , j ∈ {1, . . . , Nk}. (0.6)

The second scheme reads: Find a sequence (P jh,k)Nkj=0 ⊂ L(V 1
h ) with P 0

h,k = idV 2
h
such that

〈
P jh,kφ, ψ

〉
+ ka

(
P jh,kφ, ψ

)
+ ka

(
P jh,kψ, φ

)
+ k
〈
P j−1
h,k φ, P

j−1
h,k ψ

〉
+ k2〈P jh,kΠh∆φ,∆ψ〉

=
〈
P j−1
h,k φ, ψ

〉
+ k
〈
P j−1
h,k ΠhCφ,Cψ

〉
L2(H;H)

+ k
〈
Qφ,Qψ

〉
, ∀φ, ψ ∈ V 2

h , j ∈ {1, . . . , Nk}.
(0.7)

We show that the discrete solutions to both schemes exist in a suitable sense, and are positive
and bounded in every time-step. In order to show this, we assume a rather strict grid condition
for the �rst scheme and mild assumptions for the second scheme. We further show that both
schemes have an a-priori order of convergence of some γ ∈ (0, 1/2) and a singularity in t = 0
of some order δ ∈ ( 1

2 , 1). In both cases we rely on a coupling of the temporal and spatial step
size. We choose such h, k, such that there exist constants M,ν > 0 such that k ≤Mh2+ν .
Up to the best of our knowledge there has been work by Benner and Mena on the deterministic

problem and its numerical approximation. An account on numerical solutions for the Riccati
equation arising in deterministic control settings can be found in [20]. Further results can be
found in [7], in which e�cient algorithms to approximate the large scale Riccati equations are
studied. Large scale Riccati equations in return approximate the integral Riccati equation as
found by Gibson, see [14]. The approach by Gibson was further discussed and re�ned by Banks
and Kunich in [5]. Aside from the recent work by Levajkovi¢, Mena and Tu�aha, [18], [19], we
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are unaware of any publications that deal with the stochastic control case and the approximation
of the arising Riccati equation but one. In [10] a study of the boundary control problem with
multi-dimensional noise can be found, therein Backward Di�erentiation Formulas and splitting
methods are discussed. We thus assume that it is new that we derive fully discrete variation
of constants formulas for approximate Riccati equations driven by in�nite dimensional noise.
Up to the best of our knowledge it is also the �rst study of a fully discrete numerical schemes
of Riccati equations in the semigroup framework with rigorous a-priori convergence rates. The
second scheme we introduce is also new, its implementation is more elementary and improves
computational time in comparison to the �rst scheme with piecewise quadratic functions. Our
results are partly the base for a future paper on the �nite element approximation of operator
Lyapunov equations by Andersson, Lang, Pettersson and Schroer [3].
This thesis is presented in three chapters. In the �rst chapter we introduce the prerequis-

ites for the error analysis. These mostly consist of basic results from the theory on strongly
continuous semigroups and the formal introduction of the considered Riccati operator equa-
tion framework. A rigorous de�nition of a weak solution to the operator Riccati equation is
given with respect to the variational operator Riccati equation (1.18). At the end of the �rst
chapter we show that the example with the controlled stochastic heat equation complies with
the assumptions and parameters of the �rst chapter, see Lemma 1.11. In the second chapter
we derive useful reformulations of both schemes, show the existence and uniqueness theory for
both discrete solutions and prove their convergence. For the existence see Lemmata 2.1 and
2.2. For the existence of the discrete solution to the �rst scheme we use the relation to the
Sylvester equations. The key tool for the a-priori bounds and the a-priori order of convergence
is Gronwall's Lemma. For the a-priori order of convergence see Theorems 2.4 and 2.6. In the
third and �nal chapter we show some numerical results for the above example of the stochastic
heat equation with multiplicative noise. Python codes are found in the appendix.
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1 Preliminaries

The purpose of this chapter is to introduce notation and well known results about strongly
continuous semigroups from the theory of partial di�erential equations and their numerical
analysis. We use a notation, which is mainly in the style of [1]. Most of the results stated in
the �rst section can be found in [17]. In the second section we introduce the operator Riccati
equation and the corresponding linear quadratic control problem. At the end of this chapter
we show that the stochastic heat equation from the introduction �ts the previously speci�ed
framework and assumptions.

1.1 Semigroup Approximation

Let (H, ‖ · ‖, 〈·, ·〉),H be a separable Hilbert space. Let L(U ;V ) be the space of bounded linear
operators from Banach space U to Banach space V . A strongly continuous semigroup on H is
a map S : R+ → L(H), such that

(i) S(0) = idH ,

(ii) ∀t, s ≥ 0 : S(t+ s) = S(t)S(s),

(iii) ∀x0 ∈ H : limt↓0 ‖S(t)x0 − x0‖H = 0.

Let A : H ⊃ D(A)→ H be a linear not necessarily bounded operator. We say A in�nitesimally
generates the semigroup S, if

Ax = lim
t↓0

1

t
(S(t)− 1))x, ∀x ∈ D(A). (1.1)

Assumption 1.1. The linear operator A : H ⊃ D(A)→ H is densely de�ned, self-adjoint and
positive de�nite with compact inverse.

If S is in�nitesimally generated by A and A satis�es Assumption 1.1, then S satis�es the
following smoothing property. There exists a constant M such that

‖AρS(t)x‖H ≤Mt−ρ‖x‖H ∀t ∈ R+, x ∈ H, ρ ∈ [0, 1]. (1.2)

We note that A = −∆ satis�es Assumption 1.1. Under Assumption 1.1 there exists a spectral
representation of A. Every eigenvalue λn to eigen-function φn is positive for n ∈ N. Hence
e−Atx =

∑
n∈N e

−λnt〈x, φn〉φn is well-de�ned and (S(t))t≥0 := e−At de�nes a strongly con-

tinuous semigroup. It holds true that d
dtS(t)x = −AS(t)x for t ≥ 0, x ∈ D(A). Therefore

−A in�nitesimally generates (S(t))t≥0. We note that (S(t)u0)t≥0 solves the following cauchy
problem. Find u : [0, T ]→ H, T ∈ R+, such that

d

dt
u(t) +Au(t) = 0, u(0) = u0 ∈ H. (1.3)

We consider the problem of �nding a discrete approximation of (S(t))t≥0. For this purpose we
use �nite elements for the spatial discretization. De�ne spaces (Hr), r ∈ R of fractional powers
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1 Preliminaries

of A. For r ≥ 0 de�ne Hr := D(Ar) subject to the norm ‖ · ‖Hr := ‖Ar · ‖H . For r ≤ 0 let Hr

be the closure of H under the ‖ · ‖Hr = ‖Ar · ‖-norm. We de�ne families of �nite element spaces
based on quasi-uniform grid families. A grid family Γ = (Γh)h∈(0,1] is called quasi-uniform,
if there exists a number M ∈ (0, 1) such that every cell ω ∈ ΓH contains a circle of radius
ρω ≥ Mdiam(ω). Let (Wh)h∈(0,1) be a sequence of families of functions, if there exists a grid
family Γ such that every f ∈ Wh is uniquely de�ned by it's value on each vertex of Γh, we say
(Wh)h∈(0,1) is based on that particular grid.
For i ∈ {1, 2} let (V ih)h∈(0,1] ⊂ Hi/2 be a sequence of �nite dimensional sub-spaces of H1/2

and H1, respectively. De�ne Rh to be the orthogonal projection of H1/2 onto Vh with respect

to the H1/2-inner product 〈A1/2·, A1/2·〉 = 〈·, ·〉H1/2
. In addition we assume that (V ih)h∈(0,1]

complies with the following approximation property 1.2.

Assumption 1.2. There exists a constant B such that

‖Rhx− x‖ ≤ Bhs‖x‖H s
2
, ∀x ∈ H s

2
, s ∈ {1, 2}, h ∈ (0, 1].

Note that both the standard �nite element method and the spectral Galerkin method comply
with Assumption 1.2, see [17, Examples 3.6, 3.7]. For V 2

h it is possible to formulate a higher
order approximation property, however it is never used in this thesis. Let Aih ∈ L(V ih) such that
for xh ∈ V ih , Aihxh is the unique element in V ih which satis�es

〈Axh, yh〉 = 〈Aihxh, yh〉 ∀yh ∈ V ih , i ∈ {1, 2}. (1.4)

This operator serves as a discrete version of A. We write Ah = Aih, since it is self-evident
which one we mean in every given context. Note that Ah is both positive and self-adjoint. By
Πh : H → Vh we denote the orthogonal projection with respect to the H-inner product. We
further assume the below inverse inequality.

Assumption 1.3. There exists a positive constant M, such that

‖AhΠh‖ ≤Mh−2, h ∈ (0, 1].

Finally we assume

Assumption 1.4. There exists constant M , such that

‖AαhΠh‖ ≤M‖Aαx‖; x ∈ Hα/2, α ∈ [−1/2, 1/2].

Both Assumption 1.3 and Assumption 1.4 hold true, if V ih is based on a quasi uniform grid fam-
ily, see [21, Equation 1.12] and [4, Equation 2.12]. For k ∈ (0, 1] let tj := jk, j ∈ {0, . . . , Nk} =:
N 0
k with Nkk ≤ T < (Nk + 1)k, then (Tk)k∈(0,1] = ({ti}i∈N 0

k
)k∈(0,1] is a sequence of discretiza-

tions of the time interval [0, T ]. We further de�ne Nk := N 0
k \ {0}. For k, h ∈ (0, 1] we refer to

(1 + kAh)−j as the discrete semigroup. We introduce the following notation.

S̄(t) := (1 + kAh)−j , if t ∈ [tj−1, tj), j ∈ Nk. (1.5)

Then we have the following estimates.

Lemma 1.5. Let A and Vh satisfy Assumptions 1.1 and 1.2 respectively. Then following es-
timates hold true.

(i) For all 0 ≤ ν ≤ µ ≤ 1 there exists a constant M such that∥∥(S̄(t)Πh − S(t)
)
x
∥∥ ≤M(h2µ + kµ)t−(µ−ν)‖x‖Hν , ∀x ∈ Hν , t > 0, h, k ∈ (0, 1].

2



1.1 Semigroup Approximation

(ii) For all 0 ≤ ρ ≤ 1/2 there exists a constant M such that∥∥(S̄(t)Πh − S(t)
)
x
∥∥ ≤Mt−ρ‖x‖H−ρ , ∀x ∈ H−ρ, t > 0, h, k ∈ (0, 1].

(iii) For all 0 ≤ ρ ≤ 1 and −θ ≤ ρ ≤ min(1/2, 1− θ) there exists a constant M such that∥∥(S̄(t)Πh − S(t)
)
x
∥∥ ≤M(h2θ + kθ)t−(θ+ρ)‖x‖H−ρ , ∀x ∈ H−ρ, t > 0, h, k ∈ (0, 1].

For proofs see [17, Lemma 3.12] and [2, Lemma 5.1]. Thus S̄(t) converges towards S(t) and
is a discrete version of the semigroup. Note that, for X ∈ L(H), we denote ‖X‖L(H) as ‖X‖.
Further note that ‖S(t)‖, ‖(1 + kAh)−jΠh‖, ‖Πh‖ are smaller than or equal to one for all
h, k ∈ (0, 1]. Like the semigroup the discrete semigroup satis�es a smoothing property. There
exists a constant M independent of k, h, j such that

‖Aρh(1 + kAh)−jxh‖ ≤Mt−ρj ‖xh‖H , ∀j ∈ N1, xh ∈ Vh, ρ ∈ [0, 1] (1.6)

see [17, Equation 3.38]. This can be generalized further for A.

‖Aρ(1 + kAh)−jxh‖ ≤Mt−ρj ‖xh‖H , ∀j ∈ N1, xh ∈ Vh, ρ ∈ [0, 1/2] (1.7)

see [17, Equation 3.42] for the case of ρ = 1/2, the case of ρ = 0 is obvious and the interme-
diate cases follow by an interpolation argument, see [21, Theorem 3.5]. We state two further
Theorems, which are substantial to the second chapter.

Lemma 1.6 (Gronwall's Lemma). Let T > 0 and k ∈ (0, 1). De�ne tj := jk and j ∈ Nk, such
that Nk ≤ T < (Nk+1). Let A,B ≥ 0 and let (φj)j=1,...,Nk be a non-negative sequence. If there
exist α, β > 0 such that

φn ≤ At−1+α
n +Bk

n−1∑
i=1

t−1+β
n−i φi, ∀n ∈ Nk, (1.8)

then there exists a constant C = C(A,B, T, β, α) such that

φn ≤ Ct−1+α
n ,∀n ∈ Nk. (1.9)

Proof. The proof is based on applying (1.8) to itself (n− 1) times. A �rst application to itself
yields

φn ≤ At−1+α
n +Bk

n−1∑
i=1

t−1+β
n−i At−1+α

i +Bk

n−1∑
i=1

t−1+β
n−i Bk

i−1∑
j=1

t−1+β
i−j φj ∀n ∈ Nk. (1.10)

The following estimate holds true.

k

j−1∑
i=1

t−1+β
j−i t−1+α

i ≤
∫ tj

0

(tj − s)−1+βs−1+αds = t−1+α+β
j B(α, β) ≤ T βt−1+α

j B(α, β), (1.11)

where B(·, ·) denotes the beta function, which is well-de�ned for positive parameters. In terms
of the Gamma function the Beta function is de�ned as

B(x, y) =
Γ(x)Γ(y)

Γ(x+ y)
, x, y > 0. (1.12)

3



1 Preliminaries

We apply this to the above inequality and get

φn ≤
(
A+BT βB(α, β)

)
t−1+α
n +Bk

n−1∑
i=1

t−1+β
n−i Bk

i−1∑
j=1

t−1+β
i−j φj , ∀n ∈ Nk. (1.13)

We repeat this (n− 1)-times. For some constant C = C(A,B, T, α, β) we get

φn ≤ Ct−1+α
n +Bk

n−1∑
i=1

t−1+β
n−i Bk

i−1∑
j=1

t−1+β
i−j φj . . . At

−1+α
1 , ∀n ∈ Nk. (1.14)

After a �nal application of (1.11) we have a constant C = C(A,B, T, α, β) such that

φn ≤ Ct−1+α
n , ∀n ∈ Nk. (1.15)

This completes the proof.

This proof was taken from [11]. For the proof of the following theorem see [8].

Theorem 1.7 (Silvester-Rosenblum). If A and B are linear operators with disjoint spectra,
then the Sylvester equation

AX −XB = Y,

has a unique solution for every linear operator Y .

1.2 Operator Riccati Equations

In this section we introduce the abstract operator Riccati equation arising from a distributed
control problem of a linear stochastic evolution equation. Let (H, ‖ · ‖, 〈·, ·〉) be a separable
Hilbert space. Let A : H ⊃ D(A) → H be a linear bounded operator satisfying Assumption
1.1. Let Σ(H) ⊂ L(H) be the space of self-adjoint linear bounded operators on H and let
Σ+(H) ⊂ Σ(H) be the subset of non-negative linear operators. Let L2(U ;V ) be the space of
Hilbert-Schmidt operators from Hilbert space U to Hilbert space V . A Hilbert-Schmidt operator
is a bounded operator O ∈ L(U ;V ) with �nite Hilbert-Schmidt norm ‖ · ‖L2(U ;V ). This norm is
de�ned by

‖O‖L2(U ;V ) := Tr(O∗O) :=
∑
i∈I
〈Oei, Oei〉V , (1.16)

where {ei : i ∈ I} is any �xed orthonormal basis of U . The Hilbert-Schmidt norm is independent
of choice of the basis {ei : i ∈ I}. L2(U ;V ), equipped with 〈·, ·〉L2(U ;V ), is a Hilbert space. It
has the inner product

〈O1, O2〉L2(U ;V ) := Tr(O∗1O2) =
∑
i∈I
〈Oei, Oei〉V , O1, O2 ∈ L2(U ;V ). (1.17)

Assumption 1.8. Let G,Q ∈ L(H) and C ∈ L(H;L2(H;H−β)) with regularity parameter
β ∈ [0, 1/2).

We de�ne the following scalar products on H1/2 and H1 respectively. A weak or variational
solution to the operator Riccati equation (1.18) is a bounded and strongly continuous function
P : [0, T ]→ Σ+(H), such that

4



1.2 Operator Riccati Equations

(i) P (t) ∈ L(H−β ;Hβ), ∀t ∈ (0, T ],

(ii) ((0, T ] 3 t 7→ 〈P (t)x, y〉) ∈ C1((0, T ];H), ∀x, y ∈ H1/2,

and (P (t))t∈[0,T ] with P (0) = G∗G satis�es the variational Riccati equation:

d

dt
〈P (t)x, y〉+ 〈P (t)x,Ay〉+ 〈P (t)y,Ax〉+ 〈P (t)x, P (t)y〉

= 〈P (t)Cx,Cy〉L2(H;H) + 〈Qx,Qy〉 , t ∈ (0, T ], ∀x, y ∈ H1/2. (1.18)

A mild solution to the Riccati eqation (1.18) is a bounded and strongly continuous function
P : [0, T ]→ Σ+(H), such that

(i) P (t) ∈ L(H−β ;Hβ), ∀t ∈ (0, T ],

(ii) supt∈(0,T ] t
2β‖P (t)‖L(H−β ;Hβ) <∞,

and (P (t))t∈[0,T ] satis�es the variation of constants integral equation for the Riccati equation:

P (t)x = S(t)G∗GS(t)x

+

∫ t

0

S(t− s)
(
Q∗Q+ C∗P (s)C − P (s)2

)
S(t− s)x ds, t ∈ [0, T ], ∀x ∈ H. (1.19)

The above integral is in the sense of a H-valued Bochner integral. An interpretation in terms
of a L(H)-valued integral is only formal since in general the natural sigma-algebra on L(H) is
too �ne.

Theorem 1.9. There exists a unique mild solution P : [0, T ]→ Σ+(H) to (1.18). Furthermore
P is a mild solution if and only if P is a weak solution to the Riccati equation (1.18).

For proof see [1, Theorems 2.2�2.3]. We emphasize that ‖P (t)‖ means

sup
‖x‖H=1

∥∥∥∥S(t)G∗GS(t)x+

∫ t

0

S(t− s)
(
Q∗Q+ C∗P (s)C − P (s)2

)
S(t− s)xds

∥∥∥∥ ,
and does not mean the norm of a L(H)-valued integral.

Theorem 1.10. Let P be the solution to (1.19). For all θ ∈ [0, 1
2 ) there exists a constant M ,

such that
‖P (t)‖L(H−θ;Hθ) ≤Mt−2θ, t ∈ (0, T ].

For all θ, ξ such that 2θ + ξ < 1 there exists a constant M , such that

‖P (t2)− P (t1)‖L(H−θ;Hθ) ≤M (t1 ∧ t2)
−2θ−ξ |t2 − t1|ξ, t1, t2 ∈ (0, T ].

For the proof see [1, Theorem 2.4]. This theorem is essential to the analysis of the schemes. If
(P (t))t∈[0,T ] is a weak solution to the operator Riccati equation, we have that y 7→ d

dt 〈P (t)x, y〉
is linear and | d

dt 〈P (t)x, y〉| ≤ M‖x‖Hθ‖y‖Hθ for some constant M . By Riesz representation

theorem there exists Ṗ ∈ L(H), such that d
dt 〈P (t)x, y〉 = 〈Ṗ (t)x, y〉 for all x, y ∈ Hθ. With this

de�nition the following notation of the operator Riccati equation makes sense.

Ṗ (t) +AP (t) + P (t)A+ P (t)2 = Q∗Q+ C∗P (t)C, t ∈ [0, T ]; P0 = G∗G. (1.20)
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1 Preliminaries

This illustrates the relation of this operator Riccati equation to the matrix Riccati equation.
We use the weak formulation (1.18) to implement �nite element methods, whereas the mild
solution is substantial for later error analysis.
Let us verify that the example (0.5) arising from the control of a stochastic heat equation with

multiplicative noise (0.2) and Dirichlet boundary conditions �ts this framework. We choose A :=
−∆, G := Q := idH and show that the multiplication operator is an element of L(H;L2(H;H−β)
for some β ∈ (1/4, 1/2), where H := L2([0, 1]).

Lemma 1.11. Let H := L2([0, 1]) and let C be the multiplication operator, which is de�ned by
(C(v)u)(x) = u(x)v(x). Then C satis�es C ∈ L(H;L2(H;H−β)) for β > 1/4.

Proof. Let (ek)k∈N be the orthonormal basis of H = L2([0, 1]), de�ned by ek(x) = 21/2 sin(kπx).
This choice is also an eigenbasis for A := −∆. Because (ek)k∈N is a orthonormal basis, we have
by Parsevals identity for any �xed u ∈ H that

‖C(u)‖L2(H;H−β) = ‖A−βC(u)‖L2(H) =
∑
k∈N
‖A−βC(u)ek‖2H =

∑
k,`∈N

〈e`, A−βC(u)ek〉2

Since (ek)k∈N is also an eigenbasis for A = −∆ and A is selfadjoint, we have

‖C(u)‖L2(H;H−β) =
∑
k,`∈N

〈A−βe`, C(u)ek〉2 =
∑
k,`∈N

‖A−βe`‖2H〈e`, C(u)ek〉2.

Further, because C(u) is self-adjoint we get

‖C(u)‖L2(H;H−β) =
∑
`∈N
‖A−βe`‖2H

∑
k∈N
〈ek, C(u)e`〉2 =

∑
`∈N
‖A−βe`‖2H‖C(u)e`‖2H .

We use the speci�c choice of ek = 21/2 sin(kπx) and Hölder's inequality and estimate

‖C(u)ek‖2H = 2

∫ 1

0

u2(x) sin2(kπx)dx ≤ 2

∫ 1

0

u2(x)dx.

Since (ek)k∈N ⊂ H is orthonormal and Aek = (πk)2ek, we use the de�nition of fractional powers
to determine A−β and have

‖A−βe`‖H =
∥∥∑
k∈N

(πk)−2β〈e`, ek〉ek
∥∥ = (πk)−2β .

We use this and have∑
`∈N
‖A−βe`‖2H‖C(u)e`‖2H ≤ 2

∑
`∈N
‖A−βe`‖2H‖u‖H = 2‖A−β‖2L2(H)‖u‖H .

We therefore have

‖C‖L(H;L2(H;H−β)) ≤ 2‖A−β‖2L2(H) = 2
∑
k∈N
‖A−βek‖2H = 2π−4β

∑
k∈N

k−4β = 2π−4βζ(4β),

where ζ(s) denotes the Riemann zeta function, which is �nite for s > 1. This completes the
proof.

This proof was taken from [16, � 5.2.1]. It shows that the intitial example �ts the theoretical
framework.
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1.3 The generalized LQ-Problem

1.3 The generalized LQ-Problem

For the sake of completeness we brie�y introduce the LQ-problem, which belongs to the abstract
operator Riccati equation. Let (H, ‖·‖, 〈·, ·〉) be a separable Hilbert space and (Ω,F , (Ft)t≥0,P)
be a �ltered probability space. Let H ⊂ H be a orthonormal basis of H. We de�ne a cylindrical
idH -Wiener process W : H → L2([0, T ] × Ω;R) de�ned on (Ω,F , (Ft)t≥0,P) to be the strong
operator limit

W :=
∑
η∈H

ξη ⊗ η, (1.21)

where (ξη)η∈Ht∈[0,T ] denotes a sequence of independent standard Wiener processes de�ned on

(Ω,F , (Ft)t≥0,P). Let A,B,C,G,Q be linear operators, such that Assumptions 1.1 and 1.8
are satis�ed. We consider the following dynamics

dXu(t) +AXu(t)dt = u(t)dt+ CXu(t)dW (t), t > 0; Xu
0 = x0 ∈ H. (1.22)

Consider the following optimization problem: Find a control function u : [0, T )×Ω→ H, which
minimizes the cost functional

J(u) = E

[∫ T

0

(‖QXu(t)‖2 + ‖u(t)‖2)dt+ ‖GXu(T )‖2
]
. (1.23)

We call a control function u admissible, if it is a predictable square-integrable function u ∈
L2([0, T ]× Ω;H). Using Itô's formula and an approximation argument, which can be found in
[1], one can show that

J(u) = 〈PTx0, x0〉+ E

[∫ T

0

‖ut + P (T − t)Xu(t)‖2dt

]
, (1.24)

where P : [0, T ] → L(H) is a weak solution to the operator Riccati equation (1.18). The
stochastic process

ū(t) := −P (T − t)X ū(t), t ∈ [0, T ],

thus solves the optimization problem, if the controlled process X ū exists. Because this control
function is a linear transformation of the dynamics, we say the optimal control is given in feed-
back form. The existence of X ū can be shown with a �xed point argument, see [1]. In literature
the in�nite dimensional deterministic problem was �rst studied in semigroup formulation in [9].
The stochastic case was later introduced in [15]. For the boundary control problem see [12] and
[13].
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2 A-priori Error Analysis

This chapter contains two sections. The �rst section introduces two schemes which we ana-
lyze in the second section. The �rst section also establishes the existence and uniqueness
to both schemes. In the second section we provide proofs for a-priori order of convergence
for both schemes. Throughout this chapter let (H, ‖ · ‖, 〈·, ·〉) be a separable Hilbert space,
A : H ⊃ D(A) → H a linear Operator such that Assumption 1.1 holds true. We write
a(x, y) := 〈A1/2x,A1/2y〉 = 〈Ax, y〉, x, y ∈ H. For i ∈ {1, 2} let (V ih)h∈(0,1] be a sequence
of �nite dimensional sub-spaces of Hi/2 satisfying Assumptions 1.2-1.4. Further let C,G,Q
be operators such that Assumption 1.8 holds true. Throughout this chapter we denote by M
not necessarily coinciding positive constants, which are independent of the parameters k, h, tj ,
unless otherwise speci�ed.

2.1 Setting

First, recall the initial problem of �nding a strongly continuous P : (0, T ]→ Σ(H)∩L(H−β ;Hβ),
which is a weak solution to (1.18), i.e. satis�es

d

dt
〈P (t)x, y〉+ a (P (t)x, y) + a (P (t)y, x) + 〈P (t)x, P (t)y〉

= 〈P (t)Cx,Cy〉L2(H) + 〈Qx,Qy〉 , t ∈ (0, T ], ∀x, y ∈ H1/2.

Let h, k ∈ (0, 1] and Nk ∈ N, such that kNk ≤ T < k(Nk + 1). The following equation
de�nes a fully discrete semi-implicit Euler scheme. Find a sequence (P jh,k)Nkj=0 ⊂ L(Vh) with

P 0
h,k = ΠhG

∗GΠh such that

〈
P jh,kx, y

〉
+ ka

(
〈P jh,kx, y

)
+ ka

(
P jh,ky, x

)
+ k
〈
P j−1
h,k x, P

j−1
h,k y

〉
=
〈
P j−1
h,k x, y

〉
+ k
〈
P j−1
h,k ΠhCx,Cy

〉
L2(H;H)

+ k
〈
Qx,Qy

〉
, ∀x, y ∈ Vh, j ∈ Nk. (2.1)

We postpone stating the second scheme to later in this section, see equation (2.7). We remind
ourselves of the de�nition of Πh and Ah, see (1.4). The equation (2.1) is thus equivalent to

P jh,k + kAhP
j
h,k + kP jh,kAh + k

(
P j−1
h,k

)2
= P j−1

h,k + kΠhQ
∗Q + kΠhC

∗P j−1
h,k ΠhC. (2.2)

To prevent too many indices and long expressions, we use the notation

Sjh,k := (1 + kAh)−j j ∈ N 0
k .

S̄(t) := (1 + kAh)−j if t ∈ [tj−1, tj), j ∈ Nk, (2.3)

P̄ (t) := P jh,k if t ∈ (tj , tj+1], j ∈ Nk, P̄ (0) = G∗G.
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2.1 Setting

Our next goal is to derive a discrete variation of constants formula for the �rst scheme. We add
k2AhP

j
h,kAh to both sides of (2.2) and arrive at the following equation.

P jh,k + kAhP
j
h,k + kP jh,kAh + k2AhP

j
h,kAh

= P j−1
h,k − k

(
P j−1
h,k

)2
+ kQ∗Q+ kΠhC

∗P j−1
h,k ΠhC + k2AhP

j
h,kAh, j ∈ Nk. (2.4)

We note that

P jh,k + kAhP
j
h,k + kP jh,kAh + k2AhP

j
h,kAh = (1 + kAh)P jh,k(1 + kAh).

Multiply (2.4) by S1
h,k = (1 + kAh)−1 from the left and from the right. This gives

P jh,k = S1
h,k

(
P j−1
h,k − k

(
P j−1
h,k

)2
+ kQ∗Q+ kΠhC

∗P j−1
h,k ΠhC + k2AhP

j
h,kAh

)
S1
h,k.

Iterating this equation �nally yields the discrete variation of constants formula.

P jh,k = Sjh,kP
0
h,kS

j
h,k + k

j−1∑
i=0

Sj−ih,k

(
ΠhQ

∗Q− k
(
P ih,k

)2
+ ΠhC

∗P ih,kΠhC
)
Sj−ih,k

+ k2

j−1∑
i=0

Sj−ih,k

(
kAhP

i+1
h,k Ah

)
Sj−ih,k , j ∈ N 0

k . (2.5)

We rewrite the discrete variation of constants formula. Using (2.3) we have

P jh,k = Sjh,kP̄ (0)Sjh,k +

∫ tj

0

S̄(tj − s)
(
ΠhQ

∗Q− P̄ (s)2 + ΠhC
∗P̄ (s)ΠhC

)
S̄(tj − s)ds

+ k2

j−1∑
i=0

Sj−ih,k

(
AhP

i+1
h,k Ah

)
Sj−ih,k , j ∈ N 0

k . (2.6)

This formula allows for a nice comparison with the mild solution of the operator Riccati equation
(1.19).

Lemma 2.1. For all step-sizes k, h ∈ (0, 1) there exists a unique (P jh,k)Nkj=0 ⊂ Σ(V 1
h ) with

P 0
h,k = ΠhG

∗GΠh, which solves (2.1) for every j ∈ Nk.
Proof. We have shown that (2.1) is satis�ed, if and only if (2.4) is satis�ed. X solves equation
(2.4) for P jh,k if and only if X solves

X + kAhX + kXAh = P j−1
h,k + kQ∗Q+ kC∗P j−1

h,k C − k(P j−1
h,k )2.

Denote the right hand side by Y . We write Ã := (1 + kAh) and B̃ := −kAh. We �rst note
that Y, Ã, B̃ ∈ L(V 1

h ). The operator Ã is positive and B̃ is negative, i.e. in particular Ã, B̃
have disjoint spectra. By Theorem 1.7 there exists a unique solution to the Silvester equation
ÃX + XB̃ = Y . By induction for every j ∈ Nk there exists a unique P jh,k, which solves (2.4).

We have that the right hand side of the above display is self-adjoint, if P j−1
h,k is self-adjoint.

Studying X −X∗ yields

0 = (X −X∗) + (kAhX + kXAh − k(AhX)∗ − k(XAh)∗) + Y ∗ − Y
= (X −X∗) + (kAhX + kXAh − kX∗Ah − kAhX∗)
= (X −X∗) + k(X −X∗)Ah + kAh(X −X∗)
= (1 + kAh)(X −X∗) + (X −X∗)kAh.
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2 A-priori Error Analysis

We can choose a basis of V 1
h , which contains the eigen-vectors of Ah. For any x in that particular

basis there exists λ ∈ R such that Ahx = λx. We apply 〈·x, x〉 to the above equation and arrive
at 0 = (1 + 2kλ)〈(X −X∗)x, x〉, because Ah is self-adjoint. Subsequently X −X∗ = 0 and X
is self-adjoint. By induction we have that P jh,k is self-adjoint for every j ∈ Nk.

Next, we introduce the second scheme. The idea of this scheme is to include k2〈P jh,kΠhAx,Ay〉
in the scheme, instead of adding k2AhP

j
h,kAh to both sides of (2.4) . For this purpose we need

V 2
h ⊂ D(A). An example of such a space V 2

h is the subspace of piecewise quadratic �nite

elements. Under this assumption �nd (P jh,k)Nkj=0 ⊂ L(V 2
h ) ⊂ L(D(A)) with P 0

h,k = ΠhG
∗GΠh

such that for j ∈ Nk〈
P jh,kx, y

〉
+ ka

(
P jh,kx, y

)
+ ka

(
P jh,ky, x

)
+ k
〈
P j−1
h,k x, P

j−1
h,k y

〉
+ k2〈P jh,kΠhAx,Ay〉

=
〈
P j−1
h,k x, y

〉
+ k
〈
P j−1
h,k ΠhCx,Cy

〉
L2(H;H)

+ k
〈
Qx,Qy

〉
, ∀x, y ∈ V 2

h , j ∈ Nk. (2.7)

Similar to the above procedure we pass over to the abstract operator equation

P jh,k + kAhP
j
h,k + kP jh,kAh + k2AhP

j
h,kAh

= P j−1
h,k − k

(
P j−1
h,k

)2

+ kΠhQ
∗Q+ kΠhC

∗P j−1
h,k ΠhC, j ∈ Nk. (2.8)

In this case we can write down an explicit expression for the discrete variation of constants
formula

P jh,k = Sjh,kP
0
h,kS

j
h,k + k

j−1∑
i=0

Sj−ih,k

(
−
(
P ih,k

)2
+ ΠhQ

∗Q+ ΠhC
∗P ih,kΠhC

)
Sj−ih,k . (2.9)

This coincides with the following version of this variation of constants formula

P jh,k = Sjh,kP̄ (0)Sjh,k

+

∫ tj

0

S̄(tj − s)
(
−P̄ (s)2 + ΠhQ

∗Q+ ΠhC
∗P̄ (s)ΠhC

)
S̄(tj − s)ds. (2.10)

Lemma 2.2. Let V 2
h ⊂ D(A). For all step-sizes k, h ∈ (0, 1) there exists a unique (P jh,k)Nkj=0 ⊂

Σ(V 2
h ), with P 0

h,k = ΠhG
∗GΠh , which solves (2.7) for every j ∈ Nk.

Proof. We have seen that (2.7) is satis�ed, if and only if (2.8) is satis�ed. However equation
(2.9) uniquely de�nes the solution to (2.8) via recursion and thus the solution exists. This
recursion de�nes P jh,k as a sum of self-adjoint operators and thus P jh,k is self-adjoint, too.

2.2 Analysis of the First Scheme

The aim of this section is to establish convergence of the proposed schemes. The idea is that
for su�ciently small step-sizes the discrete solution is positive. For any smaller step-sizes the
discrete solution is also bounded, which we show in Lemma 2.3. With the help of this estimate
for the norm of the discrete solution we can show that the discrete solution converges towards
the mild solution. This convergence is in the sense of the di�erence between the discrete and
the mild solution in the L(H−β ;Hβ)-norm, see Theorem 2.4. We begin with the analysis of the
�rst scheme with the proof of the a-priori bound.
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2.2 Analysis of the First Scheme

Lemma 2.3. Let (P ih,k)Nki=0 be the solution to (3.2). Let B > 0 and ν > 1/2. There exist
κ, η ∈ (0, 1], such that

‖AθhP
j
k,hA

θ
hΠh‖ ≤Mt−2θ

j , ∀j ∈ Nk, ∀θ ∈ [0, 1/2), ∀(h, k) ∈ (0, η)× (0, κ) with k ≤ Bh2+ν ,

for some constant M , which is independent of step-sizes k, h ∈ (0, 1]. Further P jh,k is positive

for every j ∈ N 0
k .

Proof. We begin the proof of this a-priori with an estimate under the positivity assumption
〈P ih,kx, x〉 ≥ 0,∀x ∈ V 1

h , i ∈ Nk and for θ ≥ β. In the second part of this proof we consider the

cases of θ < β. In the third part we �nally prove that, under the given assumptions, P jh,k is
indeed positive for all j ∈ Nk. We denote by B1 the constant from Assumption 1.3 and by B2

the constant such that k ≤ B2h
2+ν .

Part 1. If P jh,k is positive, its positive square-root (P jk )
1
2 is well-de�ned. Therefore,

∥∥∥(P jh,k) 1
2AθhΠhx

∥∥∥2

=
〈

(P jh,k)
1
2AθhΠhx, (P

j
h,k)

1
2AθhΠhx

〉
=
〈
P jkA

θ
hΠhx,A

θ
hΠhx

〉
. (2.11)

For any x ∈ H by insertion of scheme (2.5) into (2.11) we have∥∥∥(P jh,k) 1
2AθhΠhx

∥∥∥2

=
〈
P (0)Sj−ih,k A

θ
hΠhx, S

j−i
h,k A

θ
hΠhx

〉
− k

j−1∑
i=0

〈
P ih,kS

j−i
h,k A

θ
hΠhx, P

i
h,kS

j−i
h,k A

θ
hΠhx

〉
+ k

j−1∑
i=0

〈
P ih,kΠhCS

j−i
h,k A

θ
hΠhx,ΠhCS

j−i
h,k A

θ
hΠhx

〉
L2(H)

+ k

j−1∑
i=0

〈
QSj−ih,k A

θ
hΠhx,QS

j−i
h,k A

θ
hΠhx

〉
+ k2

j−1∑
i=0

〈
P i+1
h,k AhS

j−i
h,k A

θ
hΠhx,AhS

j−i
h,k A

θ
hΠhx

〉
.

The second term is negative and can be omitted in the next estimate. We write P jk,h in terms
of its square-roots, this yields the following expression in norms.

∥∥∥(P jk) 1
2AθhxΠh

∥∥∥2

H
≤
∥∥∥GSjh,kAθhΠhx

∥∥∥2

H
+ k

j−1∑
i=0

∥∥∥QSj−ih,k A
θ
hΠhx

∥∥∥2

H

+ k

j−1∑
i=0

∥∥∥(P ih,k) 1
2 ΠhCS

j−i
h,k A

θ
hΠhx

∥∥∥2

L2(H)

+ k2

j−1∑
i=0

∥∥∥(P i+1
h,k

) 1
2AhS

j−i
h,k A

θ
hΠhx

∥∥∥2

H
.
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2 A-priori Error Analysis

Taking the supremum over all x ∈ H, ‖x‖ ≤ 1 on the right hand side and then on the left hand
side yields the following inequality in terms of the operator norm.

∥∥∥(P jk) 1
2AθhΠh

∥∥∥2

≤
∥∥∥GSjh,kAθhΠh

∥∥∥2

+ k

j−1∑
i=0

∥∥∥QSj−ih,k A
θ
hΠh

∥∥∥2

+ k

j−1∑
i=0

∥∥∥(P ih,k)
1
2 ΠhCS

j−i
h,k A

θ
hΠh

∥∥∥2

L(H;L2(H))

+ k2

j−1∑
i=0

∥∥∥(P i+1
h,k

) 1
2AhS

j−i
h,k A

θ
hΠh

∥∥∥2

,

and further∥∥∥(P jk) 1
2AθhΠhx

∥∥∥2

≤‖G‖2
∥∥∥Sjh,kAθhΠh

∥∥∥2

+ k

j−1∑
i=0

‖Q‖2
∥∥∥Sj−ih,k A

θ
hΠh

∥∥∥2

+ k

j−1∑
i=0

∥∥∥(P ih,k) 1
2 Aθh

∥∥∥2 ∥∥∥A−θh CSj−ih,k A
θ
hΠh

∥∥∥2

L(H;L2(H))

+ k2

j−1∑
i=0

∥∥∥∥(P i+1
h,k

) 1
2

AθhΠh

∥∥∥∥2 ∥∥∥A1−θ
h Sj−ih,k A

θ
hΠh

∥∥∥2

.

We know that (1 + kAh)−n and Aθh commute for n ∈ N and any θ ∈ R. We further want to
bring the above estimate into an explicit form. We split the sum and apply k ≤ B2h

2+ν to the
(j − 1)-th summand.

k2

∥∥∥∥(P jh,k)1/2

AθhΠh

∥∥∥∥2 ∥∥AhS1
h,kΠh

∥∥2

≤ B2h
4+2ν

∥∥∥∥(P jh,k)1/2

AθhΠh

∥∥∥∥2

‖AhΠh‖2 ≤ B1B2h
2ν

∥∥∥∥(P jh,k)1/2

AθhΠh

∥∥∥∥2

.

The last step follows by Assumption 1.3. We apply this to the previous inequality and change
the index of the last sum

∑j−2
i=0 ;

∑j−1
i=1 , we get

(
1−B1B2h

2ν
) ∥∥∥∥(P jk) 1

2

AθhΠh

∥∥∥∥2

≤‖G‖2
∥∥∥AθhSjh,kΠh

∥∥∥2

+ k

j−1∑
i=0

‖Q‖2
∥∥∥AθhSj−ih,k Πh

∥∥∥2

+ k

j−1∑
i=0

∥∥∥(P ih,k) 1
2 Aθh

∥∥∥2 ∥∥∥A−θh ΠhCA
θ
hS

j−i
h,k Πh

∥∥∥2

+ k2

j−1∑
i=1

∥∥∥(P ih,k) 1
2AθhΠh

∥∥∥2 ∥∥∥AhSj−i−1
h,k Πh

∥∥∥2

.
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2.2 Analysis of the First Scheme

We can divide by (1−B1B2h
2ν), because B1B2h

2ν < 1. This yields the maximal spatial step-
size η from Lemma 2.3. We further apply smoothing property (1.6) to this inequality. The
following inequality holds true.∥∥∥∥(P jk) 1

2

AθhΠh

∥∥∥∥2

≤Mt−2θ
j +Mk

j−1∑
i=0

t−2θ
j−i +Mk

j−1∑
i=0

∥∥∥(P ih,k) 1
2 Aθh

∥∥∥2 ∥∥A−θh ΠhC
∥∥2
t−2θ
j−i

+Mk2

j−1∑
i=1

∥∥∥(P ih,k) 1
2AθhΠh

∥∥∥2 ∥∥∥AhSj−i−1
h,k Πh

∥∥∥2

.

Note that this is only possible if θ < 1/2, as otherwise the smoothing property can not be
applied. We interpret the second summand as a Riemann sum and bound it by an integral.

Mk

j−1∑
i=0

t−2θ
j−i ≤M

∫ tj

0

(tj − s)−2θds = Mt1−2θ
j ≤M.

In the third summand we insert AβA−β . Since θ ≥ β we get∥∥A−θh ΠhA
βA−βC

∥∥2 ≤
∥∥∥Aβ−θh

∥∥∥2 ∥∥∥A−βh ΠhA
β
∥∥∥2 ∥∥A−βC∥∥2 ≤M.

In order to use Gronwall's Lemma we need to preserve a factor of k in the last summand. We

interject A
− 1

2 + ν
4

h A
1
2−

ν
4

h and use k < Mh2+ν , to get

Mk
∥∥∥AhSj−ih,k Πh

∥∥∥2

≤Mh2+ν
∥∥∥A 1

2 + ν
4

h Πh

∥∥∥2 ∥∥∥A 1
2−

ν
4

h Sj−ih,k Πh

∥∥∥2

≤Mh2−2+ν−νt
ν
2−1
j−i ≤Mt

ν
2−1
j−i .

As long as ν > 0, this singularity is not too strong for the application of Gronwall's lemma. For
θ ≥ β we now have

∥∥∥(P jh,k) 1
2AθhΠh

∥∥∥2

≤Mt−2θ
j +M +Mk

j−1∑
i=0

t
−2θ∧( ν2−1)
j−i

∥∥∥(P ih,k) 1
2 AθhΠh

∥∥∥2

, j ∈ Nk

The application of Gronwall's Lemma 1.6 yields∥∥∥(P jh,k) 1
2AθhΠh

∥∥∥2

≤Mt−2θ
j , j ∈ Nk.

The constant is independent of step-sizes. It follows that∥∥AθhPh,kAθh∥∥ ≤ ∥∥∥(P jh,k)1/2Aθh∥∥∥2

≤Mt−2θ
j , j ∈ Nk.

This completes the �rst part of this proof.

Part 2. In the second part we treat the cases of θ ≤ β. We follow the procedure of the �rst
part of this proof until we make the following estimate.

j−1∑
i=0

∥∥∥(P ih,k) 1
2 ΠhCS

j−i
h,k A

θ
hΠh

∥∥∥2

≤
j−1∑
i=0

∥∥∥(P ih,k) 1
2 Aθh

∥∥∥2 ∥∥∥A−θh CSj−ih,k A
θ
hΠh

∥∥∥2

.

13



2 A-priori Error Analysis

Instead we use the following inequality.

j−1∑
i=0

∥∥∥(P ih,k) 1
2 ΠhCS

j−i
h,k A

θ
hΠh

∥∥∥2

≤
j−1∑
i=0

∥∥∥(P ih,k) 1
2 Aβh

∥∥∥2 ∥∥∥A−βh CSj−ih,k A
θ
hΠh

∥∥∥2

.

We continue with the procedure from the �rst part, with respect to the above change, until we
get

∥∥∥(P jh,k) 1
2AθhΠh

∥∥∥2

≤Mt−2θ
j +M +Mk

j−1∑
i=0

t−2θ
j−i

∥∥∥(P ih,k) 1
2 AβhΠh

∥∥∥2

+Mk

j−1∑
i=0

t
ν
2−1
j−i

∥∥∥(P ih,k) 1
2 AθhΠh

∥∥∥2

.

We insert the bound
∥∥∥(P jh,k)1/2Aβh∥∥∥2

≤Mt−2β
j from the �rst part of this proof, this yields

∥∥∥(P jh,k) 1
2AθhΠh

∥∥∥2

≤Mt−2θ
j +M +Mk

j−1∑
i=0

t−2θ
j−i t

−2β
i +Mk

j−1∑
i=0

t
ν
2−1
j−i

∥∥∥(P ih,k) 1
2 AθhΠh

∥∥∥2

.

Similar to the proof of Lemma 1.6, we us the Beta function (1.12) and get

∥∥∥(P jh,k) 1
2AθhΠh

∥∥∥2

≤Mt−2θ
j +M +MB(1− 2θ, 1− 2β) +Mk

j−1∑
i=0

t
ν
2−1
j−i

∥∥∥(P ih,k) 1
2 AθhΠh

∥∥∥2

.

The application of Gronwall's Lemma 1.6 �nally yields∥∥AθhPh,kAθh∥∥ ≤ ∥∥∥(P jh,k)1/2Aθh∥∥∥2

≤Mt−2θ
j , j ∈ Nk, θ ∈ [0, β).

In conclusion this estimate is satis�ed for every θ ≥ 0 under the assumption of positivity of the
discrete solution.

Part 3. In the third part of the proof we use an inductive argument to show that P jh,k is positive

for every j ∈ N 0
k . From the second part of the proof we get a constant D(T ) < ∞, such that

‖P ih,k‖ ≤ D(T ) for all i ∈ N 0
k under the assumption of positivity. In particular it holds true

that if P ih,k is positive for every i ≤ j, then there exists a constant M such that

‖P jh,k‖ ≤M ≤ D(T ).

We show that if kD(T ) ≤ 1 and P ih,k is positive for all i < j then P jh,k is also positive. Note

that the base case j = 0 is true, since ΠhG
∗GΠh is positive. Since P

j−1
h,k and P jh,k solve equation

(2.4) by de�nition, it holds that

P jh,k + kAhP
j
h,k + kP jh,kAh = P j−1

h,k + kQ∗Q+ kC∗P j−1
h,k C − k(P j−1

h,k )2. (2.12)

First we show that under the assumption of Lemma 2.3 the operator R := P j−1
h,k − k(P j−1

h,k )2

is positive. We have that R is a self-adjoint linear operator on a �nite dimensional subspace
V 1
h ⊂ H. Therefore R is diagonalizable. Hence R is positive, if it has only positive eigenvalues.

Let (x, λ) be any eigenpair of P j−1
h,k , then Rx = λ(1− kλ)x. Since the operator norm coincides

14



2.2 Analysis of the First Scheme

with the largest eigenvalue we have that λ ≤ D(T ) and subsequently (1 − kλ) ≥ 0 since
kD(T ) ≤ 1. Therefore the right hand side of the above equation (2.12) is positive. Subsequently
we have

0 ≤ 〈P jh,kx, x〉+ k〈AhP jh,kx, x〉+ k〈P jh,kAhx, x〉 = 〈(P jh,k + 2kAP jh,k)x, x〉 ∀x ∈ V 1
h .

Now assume P jh,k is not positive and hence P jh,k has a negative eigenvalue λ̄ to x̄ ∈ V 1
h , then

0 ≤ 〈(P jh,k + 2kAhP
j
h,k)x̄, x̄〉 = λ̄〈(1 + 2kAh)x̄, x̄〉 < 0.

In conclusion P jh,k is positive. Therefore the induction step holds true. It holds true that

P jh,k is positive as long as preceding P ih,k are positive and therefore satis�es the a-priori bound
independent of step-sizes. This completes the proof of Lemma 2.3.

Theorem 2.4. Let (P (t))t∈[0,T ] ⊂ L(H) be the mild solution to (1.18) and (P jh,k)0≤j≤Nk the
solution to (2.6). Let B, ν > 0 be positive constants. For every ε ∈ (0, 1 − 2β) there exists a
constant M such that

‖P jh,kΠh − P (tj)‖L(H−β ;Hβ)

≤Mt−ηj
(
h2−4β−2ε + k1−2β−ε) , ∀j ∈ Nk, ∀h ∈ (0, 1], k ∈ (0, Bh2+ν ],

where η := (2β) ∨ (1− 2ε). The constant M is independent of step-size k and h.

Proof. We compare the discrete solution with the mild solution (1.19) in the L(H−β ;Hβ)-norm.
The di�erence can be written(

P jh,kΠh − P (tj)
)
x =

(
Sjh,kP̄ (0)ΠhS

j
h,kΠh − S(tj)P (0)S(tj)

)
x

+

∫ tj

0

(
S̄(tj − s)ΠhQ

∗QS̄(tj − s)Πh − S(tj − s)Q∗QS(tj − s)
)
xds

+

∫ tj

0

(
S̄(tj − s)ΠhC

∗P̄ (s)CS̄(tj − s)Πh − S(tj − s)C∗P (s)CS(tj − s)
)
xds

+

∫ tj

0

(
S̄(tj − s)P̄ (s)2S̄(tj − s)Πh − S(tj − s)P (s)2S(tj − s)

)
xds

+

j−1∑
i=0

Sj−ih,k

(
k2AhP

i+1
h,k Ah

)
Sj−ih,k Πhx.

The discretization error ‖P jh,kΠh−P (tj)‖L(H−β ;Hβ) decomposes via triangle inequality into the
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2 A-priori Error Analysis

following increments.

I1 :=
∥∥∥Sjh,kP̄ (0)ΠhS

j
h,kΠh − S(tj)P (0)S(tj)

∥∥∥
L(H−β ;Hβ)

,

I2 :=

∥∥∥∥∫ tj

0

S̄(tj − s)ΠhQ
∗QS̄(tj − s)Πh − S(tj − s)Q∗QS(tj − s)ds

∥∥∥∥
L(H−β ;Hβ)

,

I3 :=

∥∥∥∥∫ tj

0

S̄(tj − s)ΠhC
∗P̄ (s)CS̄(tj − s)Πh − S(tj − s)C∗P (s)CS(tj − s)ds

∥∥∥∥
L(H−β ;Hβ)

,

I4 :=

∥∥∥∥∫ tj

0

S̄(tj − s)P̄ (s)2S̄(tj − s)Πh − S(tj − s)P (s)2S(tj − s)ds
∥∥∥∥
L(H−β ;Hβ)

,

I5 :=

∥∥∥∥∥
j−1∑
i=0

Sj−ih,k

(
k2AhP

i+1
h,k Ah

)
Sj−ih,k

∥∥∥∥∥
L(H−β ;Hβ)

.

For the proof of this theorem we introduce the error operator.

E(t) := S̄(t)Πh − S(t), t ∈ [0, T ].

The aim of this proof is to apply Gronwall's Lemma 1.6. We prove suitable bounds for the above
summands to make this application possible. The estimates for the semigroup discretization
from Lemma 1.5 are the keys to this endeavor. We divide this proof into several parts which
all deal with one of the above summands.

Part 1. Note once more that P jh,k is self-adjoint. It follows that

I1 =
∥∥∥Sjh,kΠhP (0)Sjh,kΠh − S(tj)P (0)S(tj)

∥∥∥
L(H−β ;Hβ)

=
∥∥AβS̄(tj)ΠhP̄ (0)S̄(tj)ΠhA

β −AβS(tj)P (0)S(tj)A
β
∥∥

≤
∥∥Aβ (S̄(tj)Πh − S(tj)

)
P (0)S̄(tj)ΠhA

β
∥∥+

∥∥AβS(tj)P (0)
(
S̄(tj)Πh − S(tj)

)
Aβ
∥∥

≤Mt−βj
(∥∥AβE(tj)P (0)

∥∥+
∥∥P (0)E(tj)A

β
∥∥)

≤2Mt−βj ‖G‖
2 ∥∥(S̄(tj)Πh − S(tj)

)
Aβ
∥∥ .

By Lemma 1.5 (iii), applied with ρ = β and θ = 1− 2β − ε, it holds for ε ∈ (0, 1− 2β) that

‖AβE(tj)‖ ≤Mt−1+2β+ε
j

(
h2(1−2β−ε) + k1−2β−ε

)
. (2.13)

Using 2.13 we arrive at

I1 ≤Mt−1+ε
j

(
h2(1−2β−ε) + k1−2β−ε

)
. (2.14)

Part 2. For I2 we have by triangle inequality

I2 =

∥∥∥∥∫ tj

0

S̄(tj − s)ΠhQ
∗QS̄(tj − s)Πh − S(tj − s)Q∗QS(tj − s)ds

∥∥∥∥
L(H−β ;Hβ)

≤
∥∥∥∥Aβ ∫ tj

0

E(tj − s)Q∗QS̄(tj − s)ΠhA
βds

∥∥∥∥+

∥∥∥∥Aβ ∫ tj

0

S̄(tj − s)Q∗QE(tj − s)Aβds

∥∥∥∥ .
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2.2 Analysis of the First Scheme

It further holds by 2.13 that

I2 ≤M
∫ tj

0

∥∥AβE(tj − s)
∥∥ ‖Q∗Q‖ ∥∥S̄(tj − s)ΠhA

β
∥∥ds

≤M
∫ tj

0

(tj − s)−β
∥∥AβE(tj − s)

∥∥ds

≤M
∫ tj

tj−1

(tj − s)−1+ε
(
h2(1−2β−ε) + k1−2β−ε

)
ds.

In conclusion for ε ∈ (0, 1− 2β) we have

I2 ≤
Mtεj
ε

(
h2(1−2β−ε) + k1−2β−ε

)
. (2.15)

Part 3. We want to use the Hölder continuity for I3, since it does not hold in t = 0, we
decompose I3 as follows

I3 =

∥∥∥∥∫ tj

0

S̄(tj − s)ΠhC
∗P̄ (s)ΠhCS̄(tj − s)Πh − S(tj − s)C∗P (s)CS(tj − s)ds

∥∥∥∥
L(H−β ;Hβ)

≤
j−1∑
i=1

∫ j−1

ti

∥∥AβS̄(tj − s)ΠhC
∗(P̄ (s)Πh − P (ti))CS̄(tj − s)ΠhA

β
∥∥ds

+

j−1∑
i=1

∫ ti+1

ti

∥∥AβS̄(tj − s)ΠhC
∗(P (ti)− P (s))CS̄(tj − s)ΠhA

β
∥∥ds

+

j−1∑
i=1

∫ ti+1

ti

∥∥Aβ (S̄(tj − s)ΠhC
∗P (s)CS̄(tj − s)Πh − S(tj − s)C∗P (s)CS(tj − s)

)
Aβ
∥∥ds

+

∫ k

0

∥∥Aβ (S̄(tj − s)ΠhC
∗P̄ (s)ΠhCS̄(tj − s)Πh − S(tj − s)C∗P (s)CS(tj − s)

)
Aβ
∥∥ds

= : I3,1 + I3,2 + I3,3 + I3,4.

For the �rst term we get the estimate

I3,1 ≤
j−1∑
i=1

∫ i+1

ti

∥∥AβS̄(tj − s)Πh

∥∥2 ‖C∗A−β‖2‖AβP̄ (s)Πh − P (ti)‖ds

≤M
j−1∑
i=1

∫ i+1

ti

‖Aβ(1 + kAh)−j+i‖2‖P̄ (ti)Πh − P (ti))‖L(H−β ;Hβ)ds

≤Mk

j−1∑
i=0

t−2β
j−i ‖P

i
h,kΠh − P (ti))‖L(H−β ;Hβ).

The last inequality holds by the smoothing property (1.7). We use the local Hölder-continuity
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2 A-priori Error Analysis

from Theorem 1.10 to bound I3,2. First, we bound I3,2 as follows.

I3,2 ≤
j−1∑
i=1

∫ i+1

ti

‖P (ti)− P (s)‖L(H−β ;Hβ)

∥∥A−βCS̄(tj − s)ΠhA
β
∥∥2

L(H;L2(H;H))
ds

≤
j−1∑
i=1

∫ i+1

ti

‖P (ti)− P (s)‖L(H−β ;Hβ) ‖C‖
2
L(H;L2(H;H−β)) ‖A

βS̄(tj − s)Πh‖2ds.

By de�nition of S̄, it holds that S̄(tj − s) = (1 + kAh)−(j−i) for s ∈ (ti, ti+1). An application of
the Hölder-continuity from Theorem 1.10 with ξ = 1− 2β − ε and the estimate (1.7) yields

I3,2 ≤M
j−1∑
i=1

∫ ti+1

ti

∥∥∥Aβ(1 + kAh)−(j−i)
∥∥∥2

‖P (ti)− P (s)‖L(H−β ;Hβ) ds

≤M
j−1∑
i=1

∫ ti+1

ti

(tj − ti)−2βt−1+ε
i (s− ti)1−2β−εds

≤M
j−1∑
i=1

(tj − ti)−2βt−1+ε
i k2−2β−ε.

Once more we use the trick of bounding the sum with the help of the Beta function de�ned in
(1.12). We have

I3,2 ≤Mk1−2β−ε
∫ tj

0

(tj − s)−2βs−1+εds

≤Mk1−2β−εt−2β+ε
j

∫ 1

0

(1− s)−2βs−1+εds

≤Mk1−2β−εt−2β
j B (ε, 1− 2β) .

Thus I3,2 ≤Mk1−2β−εt−2β . We further have

I3,3 ≤
j−1∑
i=1

∫ ti+1

ti

∥∥AβE(tj − s)C∗P (s)CS̄(tj − s)ΠhA
β
∥∥ ds

+

j−1∑
i=1

∫ ti+1

ti

∥∥AβS(tj − s)C∗P (s)CE(tj − s)Aβ
∥∥ds

≤M
j−1∑
i=1

∫ ti+1

ti

(tj − s)−β
∥∥AβE(tj − s)C∗P (s)C

∥∥ds.
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Since, by Theorem 1.10 it holds true that ‖AβP (s)Aβ‖ ≤Ms−2β we get

I3,3 ≤M
(
h2(1−2β−ε) + k1−2β−ε

) j−1∑
i=1

∫ ti+1

ti

(tj − s)−1+ε ‖C∗P (s)C‖ds

≤M‖C‖2L(H;L2(H;H−β))

(
h2(1−2β−ε) + k1−2β−ε

) j−1∑
i=0

∫ ti+1

ti

(tj − s)−1+ε
∥∥AβP (s)Aβ

∥∥ds

≤M
(
h2(1−2β−ε) + k1−2β−ε

) j−1∑
i=1

∫ ti+1

ti

(tj − s)−1+εs−2βds

≤M
(
h2(1−2β−ε) + k1−2β−ε

)
t1−2β−ε
j B(1− 2β, ε)s.

Finally we deal with I3,4.

I3,4 ≤
∫ k

0

∥∥AβS̄(tj − s)ΠhC
∗P̄ (s)ΠhCS̄(tj − s)ΠhA

β
∥∥ds

+

∫ k

0

∥∥AβS̄(tj − s)ΠhC
∗P (s)CS̄(tj − s)ΠhA

β
∥∥ds

+

∫ k

0

∥∥AβE(tj − s)C∗P (s)CS̄(tj − s)ΠhA
β
∥∥ds

+

∫ k

0

∥∥AβS̄(tj − s)ΠhC
∗P (s)CE(tj − s)Aβ

∥∥ds

+

∫ k

0

∥∥AβE(tj − s)C∗P (s)CE(tj − s)ΠhA
β
∥∥ ds

=I3,4,1 + I3,4,2 + I3,4,3 + I3,4,4 + I3,4,5.

We use k ≤Mh2+ν for I3,4,1 to get

I3,4,1 ≤
∫ k

0

∥∥∥AβSjh,kΠh

∥∥∥2

‖C‖2L(H;L2(H;H−β))

∥∥∥A−βh ΠhA
β
∥∥∥2 ∥∥∥Aβh∥∥∥2

‖P̄ (s)‖ds

≤
∫ k

0

Mt−2β
j h−4βds = kMt−2β

j h−4β

≤Mt−2β
j h2(1−2β)+ν .

We proceed with I3,4,2. We use the spatial regularity from Theorem 1.10 in order to get

I3,4,2 ≤
∫ k

0

∥∥∥Sjh,kΠhA
β
∥∥∥2

‖C‖2L(H;L2(H;H−β))

∥∥AβP (s)Aβ
∥∥ds

≤
∫ k

0

Mt−2β
j s−2βds

≤Mt−2β
j k1−2β .
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2 A-priori Error Analysis

We notice that I3,4,3 = I3,4,4 and make the following estimate

I3,3,3 + I3,4,4 ≤2

∫ k

0

∥∥AβE(tj − s)
∥∥ ‖C‖2L(H;L2(H;H−β))

∥∥AβP (s)Aβ
∥∥∥∥∥Sjh,kΠhA

β
∥∥∥ds

≤
∫ k

0

M
(
h2(1−2β−ε) + k1−2β−ε

)
(tj − s)−1+β+εs−2βt−βj ds

≤M
(
h2(1−2β−ε) + k1−2β−ε

)
t−βj

∫ k

0

(tj − s)−1+β+εs−2βds

≤M
(
h2(1−2β−ε) + k1−2β−ε

)
t−2β+ε
j B(1− 2β, β + ε).

Finally we have

I3,4,5 ≤
∫ k

0

∥∥AβE(tj − s)
∥∥2 ‖C‖2L(H;L2(H;H−β))

∥∥AβP (s)Aβ
∥∥ds

≤
∫ k

0

M
((
h1−2β−ε + k

1
2−β−

ε
2

)
(tj − s)−

1
2 + ε

2

)2

s−2βds

≤M
(
h2(1−2β−ε) + k1−2β−ε

)∫ k

0

(tj − s)−1+εs−2βds

≤M
(
h2(1−2β−ε) + k1−2β−ε

)
t−2β+ε
j B(ε, 1− 2β).

In summary for every ε ∈ (0, 1− 2β), there exists a constant M such that I3 is bounded by the
following expression.

I3 ≤M

((
h2(1−2β−ε) + k1−2β−ε

)
t−2β
j + k

j−1∑
i=0

t−2β
j−i ‖P

i
h,kΠh − P (ti)‖L(H−β ;Hβ)

)
. (2.16)

Part 4. Regarding I4, split the term once again into three parts.

I4 ≤
j−1∑
i=0

∫ ti+1

ti

∥∥S̄(tj − s)P̄ (s)2S̄(tj − s)Πh − S(tj − s)P (s)2S(tj − s)
∥∥
L(H−β ;Hβ)

ds

≤
j−1∑
i=0

∫ ti+1

ti

∥∥S̄(tj − s)
(
P̄ (s)2 −ΠhP (ti)

2
)
S̄(tj − s)Πh

∥∥
L(H−β ;Hβ)

ds

+

j−1∑
i=0

∫ ti+1

ti

∥∥S̄(tj − s)Πh

(
P (ti)

2 − P (s)2
)
S̄(tj − s)Πh

∥∥
L(H−β ;Hβ)

ds

+

j−1∑
i=0

∫ ti+1

ti

∥∥S̄(tj − s)ΠhP (s)2S̄(tj − s)Πh − S(tj − s)P (s)2S(tj − s)
∥∥
L(H−β ;Hβ)

ds

= : I4,1 + I4,2 + I4,3.

20



2.2 Analysis of the First Scheme

Once more by Theorem 1.10 and with the same arguments as for I3,2 it holds true that

I4,1 ≤
j−1∑
i=0

∫ ti+1

ti

∥∥Aβ(1 + kAh)−j−i
∥∥2 ∥∥P̄ (s)2Πh − P (ti)

2
∥∥ds

≤M
j−1∑
i=0

∫ ti+1

ti

t−2β
j−i

(
‖P̄ (s)Πh‖+ ‖P (ti)‖

)
‖P̄ (s)Πh − P (ti)‖ds

≤M

(
sup
ti≤tj

‖P̄ (ti)Πh‖+ sup
ti≤tj

‖P (ti)‖

)
k

j−1∑
i=0

t−2β
j−i ‖P̄ (ti)Πh − P (ti)‖

≤Mk

j−1∑
i=0

t−2β
j−i ‖P̄ (ti)Πh − P (ti)‖.

Moreover

I4,2 =

j−1∑
i=0

∫ ti+1

ti

∥∥S̄(tj − s)Πh

(
P (ti)

2Πh − P (s)2
)
S̄(tj − s)Πh

∥∥
L(H−β ;Hβ)

ds

≤
j−1∑
i=0

∫ ti+1

ti

‖AβS̄(tj − s)Πh‖2
∥∥P (ti)

2 − P (s)2
∥∥ds

≤
j−1∑
i=0

∫ ti+1

ti

‖AβS̄(tj − s)Πh‖2 (‖(P (ti)− P (s))P (ti)‖+ ‖P (s)(P (s)− P (ti)‖) ds

≤ 2 sup
s∈[0,tj ]

‖P (s)‖
j−1∑
i=0

∫ ti+1

ti

‖AβS̄(tj − s)‖2‖P (ti)− P (s)‖ds

≤Mt−1+ε
j k1−2β−ε.

For the next term we use the same arguments as for I2. We get

I4,3 ≤
j−1∑
i=0

∫ ti+1

ti

∥∥E(tj − s)P (s)2S̄(tj − s)Πh

∥∥
L(H−β ;Hβ)

ds

+

j−1∑
i=0

∫ ti+1

ti

∥∥S(tj − s)P (s)2E(tj − s)
∥∥
L(H−β ;Hβ)

ds

≤M
∫ tj

0

(tj − s)−β
∥∥AβE(tj − s)P (s)2

∥∥ ds

≤ M sup
s∈[0,tj ]

‖P (s)‖2
(
h2(1−2β−ε) + k1−2β−ε

)∫ tj

0

(tj − s)−1+εds

≤ M
(
h2(1−2β−ε) + k1−2β−ε

)
.

After summation I4 satis�es

I4 ≤M

(
h2−4β + k1−2β−ε + k

j−1∑
i=0

t−2β
j−i ‖P̄ (ti)Πh − P (ti)‖

)
, (2.17)

with ε ∈ (0, 1− 2β) as above.
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2 A-priori Error Analysis

Part 5. In the statement we assumed that k ≤Mh2+ν , we have

I5 =k2

∥∥∥∥∥
j−1∑
i=0

Sj−ih,k

(
AhP

i+1
h,k Ah

)
Sj−ih,k Πh

∥∥∥∥∥
L(H−β ;Hβ)

≤k2

j−1∑
i=0

∥∥∥AβSj−ih,k A
1
2−

ε
4−β

h Πh

∥∥∥2

‖Aβ+ ε
2

h ‖2
∥∥∥A 1

2−
ε
4

h P i+1
h,k A

1
2−

ε
4

h Πh

∥∥∥
≤Mh2+ν−4β−2εk

j−1∑
i=0

t−1+ε
j−i t−1+ε

i+1 .

This follows by (1.7) and Lemma 2.3. We use the Beta function (1.12) and write

I5 ≤Mh2(1−2β−ε)+νk

j−1∑
i=0

t−1+ε
j−i t−1+ε

i ≤Mh2(1−2β−ε)+νt−1+2ε
j B(ε, ε). (2.18)

In summary we established that there exists a constant M , independent of the step-sizes h
and k, such that for ε ∈ (0, 1− 2β) and η = (2β) ∨ (1− 2ε) < 1,

I ≤M(ε)

((
h2−4β−ε + k1−2β−ε)t−ηj + k

j−1∑
i=0

t−2β
j−i ‖P̄ (ti)Πh − P (ti)‖L(H−β ;Hβ)

)
. (2.19)

This estimate arises from summation of I1, . . . , I5, i.e. the inequalities (2.14), (2.15), (2.16),
(2.17), (2.18). Note that one has to pass over to the stronger norm in (2.17) to get above
inequality. By Gronwall's Lemma 1.6 it holds true that

I ≤Mt−ηj

(
h2(1−2β−ε) + k1−2β−ε

)
. (2.20)

This completes the proof.

2.3 Analysis of the Second Scheme

In the �rst section of this chapter we introduced a second scheme, which is de�ned by the
equation (2.8) or rather (2.7). In this section let P̄ , Ph,k denote the discrete solution to (2.7).

Lemma 2.5. Let (P ih,k)Nki=0 ⊂ V 2
h be the solution to (2.7). Then

‖AθhP
j
h,kA

θ
hΠh‖ ≤Mt−2θ, ∀j ∈ Nk, ∀θ ∈ [0, 1/2), ∀k, h ∈ (0, 1]× (0, 1],

for some constant M , which is independent of step-sizes k, h ∈ (0, 1]. Further P ih,k is positive

for all i ∈ N 0
k .

Proof. The proof of this Lemma is analogue to the proof of Lemma 2.3. Instead of what we get
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2.3 Analysis of the Second Scheme

for the �rst scheme, we get under positivity assumption∥∥∥(P jh,k) 1
2AθhΠhx

∥∥∥2

=
〈
P (0)Sj−ih,k A

θ
hΠhx, S

j−i
h,k A

θ
hΠhx

〉
− k

j−1∑
i=0

〈
P ih,kS

j−i
h,k A

θ
hΠhx, P

i
h,kS

j−i
h,k A

θ
hΠhx

〉
+ k

j−1∑
i=0

〈
P ih,kΠhCS

j−i
h,k A

θ
hΠhx,ΠhCS

j−i
h,k A

θ
hΠhx

〉
L2(H)

+ k

j−1∑
i=0

〈
QSj−ih,k A

θ
hΠhx,QS

j−i
h,k A

θ
hΠhx

〉
.

We proceed by omitting the negatively signed sum. After some transformation we apply Gron-
wall's Lemma 1.6. Because the implicit k2AhP

j
kAh-term is omitted in this scheme, it is not

necessary to assume k ≤ Mh2+ν nor is an upper bound for h needed. The proof for positivity
is just slightly di�erent. We again show that R := P j−1

h,k − k(P j−1
h,k )2 is positive for any small

enough k. We then get the positivity by the recursion

P jh,k = S1
h,k

(
P j−1
h,k − k

(
P j−1
h,k

)2
+ kΠhQ

∗Q+ kΠhC
∗P j−1

h,k ΠhC
)
S1
h,k, j ∈ Nk.

This completes the proof.

Theorem 2.6. Let P ∈ L(H) be the solution to (1.20) and (P jh,k)0≤j≤Nk be the discrete solution

to (2.7). Let k ≤Mh2+ν for some positive constants M,ν. For every ε ∈ (0, 1−2β) there exists
a constant M such that

‖P jh,kΠh − P (tj)‖L(H−β ;Hβ) ≤Mt−2β
j

(
h2(1−2β−ε) + k1−2β−ε

)
.

The constant M is independent of step-size k and h.

Proof. Proceed exactly like in the proof of Theorem 2.4 until you estimate I5, which we simply
skip because it did not arise in the di�erence P jh,k − P (tj). In this case the di�erence is(

P jh,kΠh − P (tj)
)
x =

(
Sjh,kP̄ (0)ΠhS

j
h,kΠh − S(tj)P (0)S(tj)

)
x

+

∫ tj

0

(
S̄(tj − s)P̄ (s)2S̄(tj − s)Πh − S(tj − s)P (s)2S(tj − s)

)
xds

+

∫ tj

0

(
S̄(tj − s)ΠhC

∗P̄ (s)CS̄(tj − s)Πh − S(tj − s)C∗P (s)CS(tj − s)
)
xds

+

∫ tj

0

(
S̄(tj − s)ΠhQ

∗QS̄(tj − s)Πh − S(tj − s)Q∗QS(tj − s)
)
xds.

We note that in this lemma the prerequisite k ≤Mh2+ν is in fact needed again in order to get
the estimate for I3,4,1, where we made the estimate

I3,4,1 ≤
∫ k

0

∥∥∥AβSjh,kΠh

∥∥∥2

‖C‖2L(H;L2(H;H−β))

∥∥∥A−βh ΠhA
β
∥∥∥2 ∥∥∥Aβh∥∥∥2

‖P̄ (s)‖ds

≤
∫ k

0

Mt−2β
j h−4βds = Mt−2β

j

≤Mt−2β
j h2(1−2β)+ν .
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3 Numerical Experiment

3.1 Discrete equations for the �rst scheme

In this section we derive the discrete equations for the �rst scheme. We recall the example from
the introduction. Let H := L2([0, 1]) and A = −∆, where ∆ denotes the Laplacian. Then
D(A) = H1

0 ∩H2, where H2 denotes the Sobolev space of square-integrable functions on [0, 1]
with existing weak derivatives up to second order. Further let G,Q := idH and C be given by
the multiplication operator, i.e. the mapping C : (φ, ψ)(x) 7→ φ(x) · ψ(x). Let Vh ⊂ L2([0, 1])
be the the �nite element space of continuous piecewise linear functions. Let (φi)

Nh
i=1 ⊂ Vh be

the set of basis functions φi(x) = (1− |ih− x|/h)+, x ∈ [0, 1], where h(Nh + 1) = 1. For every
φ, ψ ∈ H we de�ne the tensor product (φ⊗ψ)ξ = φ〈ψ, ξ〉, ξ ∈ H. The operator P τh,k : Vh → Vh
can be written as

P τh,k =

Nh∑
i,j=1

pτi,j (φi ⊗ φj) . (3.1)

Note that a natural one to one map f : L(Vh) 3 X 7→ Y ∈ RNh×Nh is de�ned by (f(X))j,i =
〈Xφi, φj〉. We recall the de�nition of the �rst scheme (2.1). We state it with respect to the

�nite element basis. Find a sequence (Puh,k)Nku=0 ⊂ L(Vh) such that for all `,m ∈ N 0
h , τ ∈ Nk it

holds true that P 0
h,k = 〈G∗Gφm, φ`〉 and

〈P τh,kφm, φ`〉 − 〈P τ−1
h φm, φ`〉+ k〈P τh,kφm, Ahφ`〉+ k〈P τh,kφ`, Ahφm〉

= k〈Qφm, Qφ`〉 − k〈P τ−1
h,k φm, P

τ−1
h,k φ`〉+ k〈P τ−1

h,k ΠhCφm, Cφ`〉L2(H;H). (3.2)

It is handy to write the discrete operators as matrices. We use the notation.

P̄t :=
(
pτi,j
)Nh
j,i=1

, Q̄ := (〈Qφi, Qφj〉)Nhj,i=1 ,

M̄ := (〈φi, φj〉)Nhj,i=1 C̄k := (〈C(φm)φi, φj〉)Nhj,i=1 m ∈ {1, . . . , Nh}, (3.3)

Ā := (〈Aφi, φj〉)Nhj,i=1 .

The matrix M̄ is called the mass-matrix and Ā the sti�ness matrix. All of the above matrices
are self-adjoint. We use this notation and have

(
〈P τh,kφm, φ`〉

)Nh
`,m=1

=

 Nh∑
i,j=1

pτi,j〈(φi ⊗ φ∗j )(φm), φ`〉

Nh

`,m=1

=

 Nh∑
i,j=1

pτi,j〈φj , φm〉〈φi, φ`〉

Nh

`,m=1

= M̄P̄tM̄. (3.4)
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3.1 Discrete equations for the �rst scheme

We proceed similarly with the other terms of (3.2). For the second term we have

(
〈P τh,kφm, Aφ`〉

)Nh
`,m=1

=

 Nh∑
i,j=1

pτi,j〈φj , φm〉〈φi, Aφ`〉

Nh

`,m=1

= ĀP̄tM̄. (3.5)

The last equation holds true, because A is self-adjoint. Therefore the third term of (3.2) yields
the matrix M̄P̄tĀ. We further have

(
〈P th,kφm, P th,kφ`〉

)Nh
`,m=1

=

 Nh∑
i,j=1

pτi,j〈φj , φm〉〈φi, P τh,kφ`〉

Nh

`,m=1

= M̄P̄tM̄P̄tM̄. (3.6)

For any �xed orthnormal basis (en)n∈I of Vh we have

〈P th,kΠhCφm, Cφ`〉L2(H;H) =
∑
n∈I

〈
P th,kΠh (Cφm) en, (Cφ`) en

〉
=
∑
n∈I

Nh∑
i,j=1

pi,j 〈φj , (Cφm)en〉 〈φi, (Cφ`)en〉

=
∑
n∈I

Nh∑
i,j=1

pi,j 〈(Cφm)φj , en〉 〈(Cφ`)φi, en〉

=

Nh∑
i,j=1

pi,j

〈
(Cφm)φj ,

∑
n∈I
〈(Cφ`)φi, en〉 en

〉

=

Nh∑
i,j=1

pi,j 〈(Cφm)φj , (Cφ`)φi〉 .

Now, we use the notation and the above equalities in order to rewrite the whole equation (3.2).
We receive

M̄P̄tM̄ + kĀP̄tM̄ + kM̄P̄tĀ

= M̄P̄τ−1M̄ + kQ̄− kM̄P̄τ−1M̄P̄τ−1M̄ + k

 Nh∑
i,j=1

pi,j 〈(Cφm)φj , (Cφ`)φi〉

Nh

`,m=1

. (3.7)

We substitute Yt := M̄P̄tM̄ , this yields(
1

2
+ kĀM̄−1

)
Yt + Yt

(
1

2
+ kM̄−1Ā

)

= Yτ−1 + kQ̄− kYτ−1M̄
−1Yτ−1 + k

 Nh∑
i,j=1

pi,j 〈(Cφm)φj , (Cφ`)φi〉

Nh

`,m=1

. (3.8)

This is a Silvester equation. We use the Bartels-Stewart algorithm to solve this equation. For
the Sylvester equation R1X − XR2 = R3 this algorithm comprises using QR algorithms to
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3 Numerical Experiment

obtain R1, R2 in Schur form, and solving the resulting problem by back substitution. For more
details see [6]. We de�ne R1 := 1/2 + kĀM̄−1, R2 = 1/2 + kM̄−1Ā and R3 to be the right side
of (3.8). Let U1, U2 be unitary matrices such that we have the following Schur decomposition.

R′1 = U1R1U
∗
1 , R′2 = U2R2U

∗
2

Since U1, U2 are unitary we have that U∗1U1 = U∗2U2 = id. We de�ne Y ′t := U1YtU
∗
2 and

R′3 := U1R3U
∗
2 and we get an equation, which is equivalent to (3.8).

R′1Y
′
t + Y ′tR

′
2 = R′3

⇔ U1R1U
∗
1U1YtU

∗
2 + U1YtU

∗
2U2R2U

∗
2 = U1R3U

∗
2

⇔ U1R1YtU
∗
2 + U1YtR2U

∗
2 = U1R3U

∗
2

⇔ R1Yt + YtR2 = R3

Note that in the case that both R1 and R2 are self-adjoint, and therefore normal, the respective
Schur forms are diagonal matrices. This simpli�es solving the above equation. Since we do not
have that in general we use the scipy.linalg.solve_sylvester routine for our Python program. In

order to further save computation time we can calculate
(∑Nh

i,j=1 pi,j 〈(Cφm)φj , (Cφ`)φi〉
)Nh
`,m=1

beforehand. We have

Nh∑
i,j=1

pi,j 〈(Cφm)φj , (Cφ`)φi〉 =

Nh∑
i,j=1

pi,j

∫ 1

0

φi(x)φj(x)φ`(x)φm(x)dx

=


2h
5 p`,` + h

30 (p`+1,`+1 + p`−1,`−1) + 2h
20 (p`,`+1 + p`,`−1), if ` = m

h
20 (p`,` + p`+1,`+1) + 2h

30 p`,`+1, if m = `+ 1
h
20 (pm,m + pm+1,m+1) + 2h

30 pm,m+1, if m = `− 1

0, if |`−m| > 1

(3.9)

For the remaining non trivial cases we need P̄τ−1 = M̄−1Yτ−1M̄
−1. We use the Schur decompo-

sition of M̄ to solve M̄P̄τ−1M̄ = Yτ−1. For an unitary matrix U , we have UM̄U∗UP̄τ−1U
∗UM̄U∗

= UYτ−1U
∗. Since the Schur form of the self-adjoint matrix M̄ is diagonal, the problem of solv-

ing the resulting equation is benevolent.

3.2 Discrete equations for the second scheme

In this section we derive derive the discrete equations for the second scheme. Let H := L2([0, 1])
and A = −∆, where ∆ denotes the Laplacian, D(A) = H1

0∩H2. Let Q,G := idH and C be given
by the multiplication operator, i.e. the mapping C : (φ, ψ)(x) 7→ φ(x) ·ψ(x). Let Vh ⊂ L2([0, 1])
be the �nite element space of continuous piecewise quadratic functions, then Vh ⊂ D(∆). Let
(φi)

Nh
i=1 ⊂ Vh be the set of basis functions, where Nh := 2/h − 1. The �nite element functions

are given for odd i ∈ Nh by

φi(x) =

{
1− 4

h2 (x− ih2 )2, if x ∈ [(i− 1)h2 , (i+ 1)h2 ]

0, otherwise;

and for even i ∈ Nh by

φi(x) =


1 + 3

h (x− ih2 ) + 2
h2 (x− ih2 )2, if x ∈ [( i2 − 1)h, i2h],

1− 3
h (x− ih2 ) + 2

h2 (x− ih2 )2, if x ∈ [ i2h, (
i
2 + 1)h],

0, otherwise.
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3.2 Discrete equations for the second scheme

Figure 3.1: piecewise Quadratic Basis Elements for Nh = 5

We recall the de�nition of the second scheme (2.7). We state it with respect to the �nite
element basis. Find a sequence (Puh,k)Nku=0 ⊂ L(Vh) such that for all `,m ∈ N 0

h , τ ∈ Nk it holds

true that P 0
h,k = 〈G∗Gφm, φ`〉 and〈

P τh,kφ`, φm
〉
−
〈
P τ−1
h,k φ`, φm

〉
+k
〈
P τh,kφ`, Ahφm

〉
+k
〈
P τh,kφm, Ahφ`

〉
+k2〈P τh,kΠhAhφ`, Ahφm〉

= k
〈
Qφ`, Qφm

〉
− k
〈
P τ−1
h,k φ`, P

τ−1
h,k φm

〉
+ k
〈
P τ−1
h,k ΠhCφ`, Cφm

〉
L2(H;H)

. (3.10)

We use notation (3.3) and receive analogous to the previous section

M̄P̄τM̄ + kĀP̄τM̄ + kM̄P̄τ Ā+ k2ĀP̄τ Ā

= M̄P̄τ−1M̄ + kQ̄− kM̄P̄τ−1M̄P̄τ−1M̄ + k

 Nh∑
i,j=1

pi,j 〈(Cφm)φj , (Cφ`)φi〉

Nh

`,m=1

. (3.11)

Hence we have(
M̄ + kĀ

)
P̄τ
(
M̄ + kĀ

)
= M̄P̄τ−1M̄ + kQ̄− kM̄P̄τ−1M̄P̄τ−1M̄ + k

 Nh∑
i,j=1

pi,j 〈(Cφm)φj , (Cφ`)φi〉

Nh

`,m=1

. (3.12)
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3 Numerical Experiment

Since M̄ + kĀ is self-adjoint, we can solve this e�ciently using the Schur-decomposition of
M̄ + kĀ, which is a diagonal matrix. From this point the implementation is quite �straight
forward�. This scheme di�ers from the �rst scheme in the detail that we do not have to solve a
Sylvester equation.

3.3 Numerical results

We want to study an experimental error of this scheme. Therefore, we compare some numerical

solutions (PNkh,k )(h,k)∈I ,I ⊂ (0, 1)2, to a numerical solution P
Nk̂
ĥ,k̂
, (h̄, k̄) ∈ (0, 1)2 with consider-

ably smaller step-size ĥ� h, k̂ � k, (h, k) ∈ I. Using the above notation we get P̄Nkh,k ∈ RNh×Nh .
Subsequently, solutions based on di�erent step-sizes are not ad-hoc comparable. We write φhi for
the i-th Lagrangian basis function for the �nite element space Vh. We then de�ne a generalized
mass matrix

M (hi,hj) :=
(
〈φhim , φ

hj
` 〉
)
l∈Nhj ,m∈Nhi

. (3.13)

We have for �xed h1 > h2 and by (3.4)

(
〈P τh1,kφ

h2
m , φ

h2

` 〉
)Nh2
`,m=1

=

 Nh1∑
i,j=1

pτi,j〈φ
h1
j , φ

h2
m 〉〈φ

h1
i , φ

h2

` 〉

Nh2

`,m=1

= M (h2,h1)P̄ τh1,kM
(h1,h2).

(3.14)
We then have for h1 > h2, k1 > k2 that

∥∥P τh1,k1 − P
τ
h2,k2

∥∥
L(Vh2 )

= sup
x∈Vh2\{0}

∥∥(P τh1,k1
− P τh2,k2

)x
∥∥
Vh2

‖x‖Vh2

= sup
x∈Vh2\{0}

1

‖x‖Vh2

(〈
P τh1,k1x, P

τ
h1,k1x

〉
− 2
〈
P τh1,k1x, P

τ
h2,k2x

〉
+
〈
P τh2,k2x, P

τ
h2,k2x

〉) 1
2

. (3.15)

We calculate
〈
P τh1,k1

x, P τh2,k2
x
〉
with x =

∑Nh2
i=1 viφi.

〈
P τh1,k1x, P

τ
h2,k2x

〉
=

Nh2∑
`,m=1

v`vm
〈
P τh1,k1φ

h2
m , P

τ
h2,k2φ

h2

`

〉
=

Nh2∑
`,m=1

Nh1∑
i,j=1

v`vmp
h1,k1
i,j

〈
φh1
j , φ

h2
m

〉〈
φh1
i , P

τ
h2,k2φ

h2

`

〉
=

Nh2∑
`,m=1

Nh2∑
n,o=1

Nh1∑
i,j=1

v`vmp
h1,k1
i,j ph2,k2

n,o

〈
φh1
j , φ

h2
m

〉〈
φh1
i , φ

h2
n

〉〈
φh2
o , φ

h2

`

〉
= vτM (h2,h2)P̄ τh2,k2M

(h2,h1)P̄ τh1,k1M
(h1,h2)v.
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3.3 Numerical results

The other terms can be calculated analogously. We have for the error∥∥P τh1,k1 − P
τ
h2,k2

∥∥
L(Vh2 )

= sup
v∈RNh2 \{0}

1

|vτMh2,h2v|1/2

∣∣∣∣vτ(M (h2,h2)P̄ τh2,k2M
(h2,h2)P̄ τh2,k2M

(h2,h2)

−M (h2,h1)P̄ τh1,k1M
(h1,h2)P̄ τh2,k2M

(h2,h2)

−M (h2,h2)P̄ τh2,k2M
(h2,h1)P̄ τh1,k1M

(h1,h2)

+M (h2,h1)P̄ τh1,k1M
(h1,h1)P̄ τh1,k1M

(h1,h2)

)
v

∣∣∣∣1/2
= :

(
sup

v∈RNh2 \{0}

1

|vτM (h2,h2)v|
∣∣vτD((h2, k2), (h1, k1))v

∣∣)1/2

.

We further break this down into∥∥P τh1,k1 − P
τ
h2,k2

∥∥
L(Vh2 )

=

(
sup

v∈RNh2 \{0}

|vT (Mh2,h2)−1/2D(h2, h1)(Mh2,h2)−1/2v|
|vT v|

)1/2

=‖(Mh2,h2)−1/2D(h2, h1)(Mh2,h2)−1/2‖L(RNh2 )

= : e(P τh2,k2 , P
τ
h1,k1).

We depict this as the Error in the below experiments. For two successive values of (h1, k1), (h2, k2) ∈
I we de�ne the experimental order of convergence (EOC) to be

EOC(h1, h2) :=
log
(
e
(
P
Nk2
h2,k2

, P
Nk3
h3,k3

))
− log

(
e
(
P
Nk1
h1,k1

, P
Nk3
h3,k3

))
log(Nh1)− log(Nh2)

, (3.16)

where h3, k3 denote benchmark step-sizes.

We conduct one experiment for each type of �nite element basis functions. In each experi-
ment we approximate the operator Riccati equation and display the errors produced by di�erent
degrees of freedom with respect to a �xed benchmark solution. We take the experimental setup
from the introduction, we further specify the following: We set the �nal temporal point to be
T = 0.2, this merely reduces the number of temporal steps which we simulate. We �x the
step-sizes h = k, disregarding the analytic conditions on h, k from Theorem 2.4. We also choose
benchmark solutions with Nh = 1499 degrees of freedom for both experiments because we do not
have any exact solution at hand. We compare the degrees of freedom Nh = {9, 19, 39, 79, 159}.
This means that the spatial step-size of each solution is half the step-size of the preceding solu-
tion. We use a 2,6 GHz machine with 7.6 GiB memory for our simulations. Given the above
setting we need to compute K = b(Nh + 1) ∗ 0.2c time-steps for the piecewise linear functions
case, whereas it is necessary to compute K = b((Nh + 1)/2) ∗ 0.2c time-steps for the piecewise
quadratic functions case. We recall that for the same spatial step size h the dimension of V 1

h

is about half that of V 2
h . In the �rst experiment we compute the errors for the �rst scheme

with respect to a �nite element space of piecewise linear functions, see Table 3.1 and Figure
3.3. In the second experiment we compute the errors for both schemes with respect to a �nite
element space of piecewise quadratic basis functions, see Table 3.2 and Figure 3.2. For the
second experiment we create the benchmark solution with the second scheme.
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3 Numerical Experiment

1st Scheme
Nh + 1 Error EOC Time/Step (s)

10 1.10756e-01 - 3.62873e-04
20 5.65968e-02 0.96860 7.57933e-04
40 2.72603e-02 1.05391 2.56515e-03
80 1.28485e-02 1.08520 1.45240e-02
160 5.92741e-03 1.11613 1.20316e-01
320 2.57581e-03 1.20237 8.46205e-01

Table 3.1: Piecewise Linear Basis Functions, Nh = 1499-Benchmark Solution.

1st Scheme 2nd Scheme
Nh + 1 Error EOC Time/Step (s) Error EOC Time/Step (s)

10 5.14806e-02 - 5.74112e-04 7.94467e-02 - 1.29223e-04
20 1.70083e-02 1.59779 1.40405e-03 3.84840e-02 1.04573 5.14984e-04
40 0.46385e-02 1.87451 4.37999e-03 1.72308e-02 1.15927 1.01995e-03
80 0.12650e-02 1.87453 1.98770e-02 0.75029e-02 1.19947 1.55687e-03
160 0.03781e-02 1.74227 2.02142e-01 0.31449e-02 1.25445 9.39894e-03
320 0.01286e-02 1.55634 1.93454e-00 0.12025e-02 1.38688 5.60880e-02

Table 3.2: Piecewise Quadratic Basis Functions, Nh = 1499-Benchmark Solution.

Our Analysis suggests that we can expect a rate of convergence of one in space and of one half
in time. The �rst experiment backs an overall convergence rate of one for the �rst scheme with
piecewise linear functions which is better than our initial expectation. Figure 3.3 shows a slope
which resembles the Mh1-line. Note that the computational time grows considerably for higher
Nh. We remark that this increased convergence rate is unlikely the assymptotic rate, but is only
visible in the re�nement levels we consider. If this claim was wrong it would contradict well-
known results from theory of weak convergence of SPDE. The second experiment suggests that
the �rst scheme converges faster than the second one. We also observe that the computational
time grows considerably faster for the �rst scheme. The di�erence in computational time can
be explained by the fact that the second scheme is more elementary. Solving the Sylvester
equation in the �rst scheme is heavier than the inversion in the second scheme. In the long run
the computational time for the �rst scheme will grows so fast that the second scheme might be
more practical even though memory is an issue in this case.

As we have chosen h = k we expect, in fact, rate 1/2 from the temporal convergence rate.
We have tried in di�erent ways to make the rate 1/2 visible but did not manage to achieve it.
For instance, we tried larger T = 1 or larger step sizes k = ch for large h. It seems like the
spatial error dominates the temporal error anyhow. We have no convincing explanation to this
issue, but dare to state a weak conjecture that a �ner benchmark solution might reveal the rate
1/2. The EOC almost appears to grow for higher Nh and �xed benchmark solution, which led
us to this guess. In [10] experimental orders of convergence of one and two were found for the
Lie splitting and Strang splitting methods respectively for a multidimensional noise framework.
Further see [7] for numerical experiments for large algebraic Riccati equations.
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3.3 Numerical results

Figure 3.2: Piecewise Quadratic Basis Func-
tions, Experimental Error

Figure 3.3: Piecewise Linear Basis Functions,
Experimental Error
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4 Conclusion

We conclude that the a-priori convergence rate shown in Theorem 2.4 and Theorem 2.6 was
outmatched in our implementation of the example with the stochastic heat equation from the
introduction. We do not attribute this to a better performance but rather to the experimental
setting itself. The cause of this e�ect remains dubious to us. In this setting we notice that the
second scheme is faster than the �rst one with piece-wise quadratic functions. The good news
is that we make these observations without imposing the harsh conditions from the analysis in
the second chapter. However in this analysis of the semi-implicit Euler scheme for the operator
Riccati equation arising from distributed Control of SPDE in the semi-group framework we see
the main contribution of this thesis. Making use of a discrete variations of constants formula we
rigorously showed existence, uniqueness and convergence under rather strict conditions. To the
best of our knowledge this is new for the given setting. We provided a blueprint of implementing
this scheme. We see the introduction of the second scheme, which is new, as a nice addition to
the main result. There are several interesting generalizations of the frame-work of this thesis.
Especially the study of the boundary control problem would be a major improvement, since the
distributed control framework seems rather unrealistic when looking for a �real life� application.
As far as we can tell the di�culty in this is a more complicated quadratic term arising in the
Riccati equation, which does not permit the here given argument for positivity. As mentioned
before, the computational costs are quite high, in which we see a second area for improvement.
We saw that even in the one dimensional case we get really large matrices. The given approach
therefore demands a lot of memory when one wants to deal with a higher dimensional problem.
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5 Appendix

5.1 Code

The below python code is based on the �rst scheme and the second scheme respectively. It was
used to create Table 3.1, Table 3.2, Figure 3.2 and Figure 3.3. Note that the trick of inversion by
Schur decomposition might yield bigger errors than using a routine such as numpy.linalg.solve
or numpy.linalg.inv.

Listing 5.1: 1st Scheme

import numpy as np

import scipy.linalg as sc

#mass matrix

def Mf(N):

h = 1.0/ float(N)

M = np.zeros ((N-1,N-1))

for i in range(N-1):

M[i,i] = 2.0/3*h

for i in range(N-2):

M[i,i+1] = 1.0/6*h

M[i+1,i] = M[i,i+1]

return M

#stiffness matrix

a = 0.1

def Af(N):

h = 1.0/ float(N)

A = np.zeros ((N-1,N-1))

for i in range(N-1):

A[i,i] = 2.0/h

for i in range(N-2):

A[i,i+1] = -1.0/h

A[i+1,i] = A[i,i+1]

return a*A

#solver

def s(q,a,b,c,N):

#spatial step -size

h = 1.0/ float(N)

#temporal step -size

k = h

#number of temporal steps
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5 Appendix

K = int (1.0/k)

#mass matrix and stiffness matrix

M = Mf(N)

A = Af(N)

#M**(-1)(.)M**( -1) with schur decomposition

s1,s2 = sc.schur(M, output='real')

def tran(E):

X = np.dot(s2.transpose (),np.dot(E,s2))/(s1.diagonal ()[:,

np.newaxis ]*s1.diagonal ()[np.newaxis ,:])

return np.dot(s2 ,np.dot(X,s2.transpose ()))

#Silvester equation parameters

I = np.identity(N-1)/2

R2 = k*np.dot(tran(A),M)

R2 = I+R2

R1 = R2.transpose ()

#Define the solver for each temporal step

def sylvester(q):

return sc.solve_sylvester(R1, R2, q)

#Compute solution

P = M

i = 1

while i <= K:

PT = tran(P)

D1 = q*k*M+P-b*k*np.dot(P,np.dot(PT,M))

D2 = np.zeros((N-1,N-1))

D2[0,0] = h*(2*PT [0 ,0]/5+2*PT[0 ,1]/20+PT[1 ,1]/30)

D2[N-2,N-2] = h*(2*PT[N-2,N -2]/5+ PT[N-3,N -3]/30+2* PT[N-2,

N -3]/20)

for n in range(1,N-2):

D2[n,n] = h*(PT[n,n]*(2/5) +2*PT[n,n+1]/20+ PT[n+1,n

+1]/30+ PT[n-1,n -1]/30+2* PT[n,n -1]/20)

for n in range(N-2):

D2[n,n+1] = h*(PT[n,n]/20+2* PT[n,n+1]/30+ PT[n+1,n

+1]/20)

D2[n+1,n] = D2[n,n+1]

P = sylvester(D1+c*k*D2)

i = i+1

return P

Listing 5.2: 2nd Scheme

import numpy as np

#mass matrix

def Mf(N):

h = 2.0/(N-1)

M = np.zeros ((N-2,N-2))

for i in range(0,N-2,2):

M[i,i] = 16

for i in range(1,N-2,2):
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5.1 Code

M[i,i] = 8

for i in range(N-3):

M[i,i+1] = 2

M[i+1,i] = M[i,i+1]

for i in range(1,N-4,2):

M[i,i+2] = -1

M[i+2,i] = M[i,i+2]

return M*h/30

#stiffness matrix

def Af(a,N):

h = 2.0/(N-1)

print 1/h

A = np.zeros ((N-2,N-2))

for i in range(0,N-2,2):

A[i,i] = 16

for i in range(1,N-2,2):

A[i,i] = 14

for i in range(N-3):

A[i,i+1] = -8

A[i+1,i] = A[i,i+1]

for i in range(1,N-4,2):

A[i,i+2] = 1

A[i+2,i] = A[i,i+2]

return a*A/(3*h)

#piece -wise quadratic basis elts

def phif(N,i,x):

h = 2.0/(N-1)

def f(i,x):

if x >= (i-1)*h/2 and x <= (i+1)*h/2:

return 1-(4/(h**2))*(x-i*h/2)**2

else:

return 0

def g(i,x):

if x >= (i/2 -1)*h and x <= h*i/2:

return 1+(x-i*h/2)*3/h+(x-i*h/2) **2*2/h**2

elif x >= h*i/2 and x <= (i/2+1)*h:

return 1-(x-i*h/2)*3/h+(x-i*h/2) **2*2/h**2

else:

return 0

#odd and even changed

if i in range(0,N-2,2):

return g(i,x)

else:

return f(i,x)

#integrals for tr(C^*P C)-term
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def Cf(N):

h = 2.0/(N-1)

def phi(i,x):

return phif(N,i,x)

I = np.zeros ((4,5))

# 0->(2,2) 1->(2,3) 2->(2,4) 3->(3,3) 4->(4,4)

I[0,0] = integrate.quad(lambda x: phi(2,x)*phi(2,x)*phi(2,x)*

phi(2,x), (1-1)*h, (1+1)*h)[0]

I[0,1] = integrate.quad(lambda x: phi(2,x)*phi(2,x)*phi(2,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[0,2] = integrate.quad(lambda x: phi(2,x)*phi(2,x)*phi(2,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[0,3] = integrate.quad(lambda x: phi(2,x)*phi(2,x)*phi(3,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[0,4] = integrate.quad(lambda x: phi(2,x)*phi(2,x)*phi(4,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[1,0] = integrate.quad(lambda x: phi(2,x)*phi(3,x)*phi(2,x)*

phi(2,x), (1-1)*h, (1+1)*h)[0]

I[1,1] = integrate.quad(lambda x: phi(2,x)*phi(3,x)*phi(2,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[1,2] = integrate.quad(lambda x: phi(2,x)*phi(3,x)*phi(2,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[1,3] = integrate.quad(lambda x: phi(2,x)*phi(3,x)*phi(3,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[1,4] = integrate.quad(lambda x: phi(2,x)*phi(3,x)*phi(4,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[2,0] = integrate.quad(lambda x: phi(2,x)*phi(4,x)*phi(2,x)*

phi(2,x), (1-1)*h, (1+1)*h)[0]

I[2,1] = integrate.quad(lambda x: phi(2,x)*phi(4,x)*phi(2,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[2,2] = integrate.quad(lambda x: phi(2,x)*phi(4,x)*phi(2,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[2,3] = integrate.quad(lambda x: phi(2,x)*phi(4,x)*phi(3,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[2,4] = integrate.quad(lambda x: phi(2,x)*phi(4,x)*phi(4,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[3,0] = integrate.quad(lambda x: phi(3,x)*phi(3,x)*phi(2,x)*

phi(2,x), (1-1)*h, (1+1)*h)[0]

I[3,1] = integrate.quad(lambda x: phi(3,x)*phi(3,x)*phi(2,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[3,2] = integrate.quad(lambda x: phi(3,x)*phi(3,x)*phi(2,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]

I[3,3] = integrate.quad(lambda x: phi(3,x)*phi(3,x)*phi(3,x)*

phi(3,x), (1-1)*h, (1+1)*h)[0]

I[3,4] = integrate.quad(lambda x: phi(3,x)*phi(3,x)*phi(4,x)*

phi(4,x), (1-1)*h, (1+1)*h)[0]
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5.1 Code

return I

#solver

def s(N):

#spatial step -size

h = 2.0/(N-1)

#temporal step -size

k = h

#number of temporal steps

K = int (1.0/k)

#overlapp/mass matrix

M = Mf(N)

#stiffness matrix

A = Af(1,N)

#integrals for tr(C^*P C)-term

I = Cf(N)

#S**(-1) (.)S**( -1) with schur decomposition

s1,s2 = sc.schur(M, output='real')

def tran(E):

X = np.dot(s2.transpose (),np.dot(E,s2))/(s1.diagonal ()[:,

np.newaxis ]*s1.diagonal ()[np.newaxis ,:])

return np.dot(s2 ,np.dot(X,s2.transpose ()))

#(S+kA)**( -1) (.)(S+kA)**(-1) with schur decomposition

s3,s4 = sc.schur(M+k*A, output='real')

def sol(E):

X = np.dot(s4.transpose (),np.dot(E,s4))/(s3.diagonal ()[:,

np.newaxis ]*s3.diagonal ()[np.newaxis ,:])

return np.dot(s4 ,np.dot(X,s4.transpose ()))

# Solve one step

P = tran(M)

j = 0

while j <= K-1:

D1 = k*M+np.dot(M,np.dot(P,M))-k*np.dot(M,np.dot(P,np.dot

(M,np.dot(P,M))))

#tr(C^*P C)-term

D2 = k*np.zeros((N-2,N-2))

for i in range(1,N-2,2):

D2[i,i] = P[i,i]*(I[0 ,0]+4*I[0 ,1]+4*I[0 ,2]+2*I

[0 ,3]+2*I[0,4])

D2[i,i+1] = P[i,i+1]*(I[1 ,0]+2*I[1 ,1]+2*I[1 ,2]+I

[1,3]+I[1 ,4])

D2[i+1,i] = D2[i,i+1]

D2[i-1,i] = P[i-1,i]*(I[1 ,0]+2*I[1 ,1]+2*I[1 ,2]+I

[1,3]+I[1 ,4])

D2[i,i-1] = D2[i-1,i]

D2[1,1] = P[1 ,1]*(I[0 ,0]+2*I[0 ,1]+2*I[0 ,2]+1*I[0 ,3]+1*I

[0,4])

D2[N-4,N-4] = P[N-4,N -4]*(I[0 ,0]+2*I[0 ,1]+2*I[0 ,2]+1*I

[0 ,3]+1*I[0,4])
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for i in range(1,N-4,2):

D2[i,i+2] = P[i,i+2]*(I[2 ,0]+2*I[2 ,1]+2*I[2 ,2]+I

[2,3]+I[2,4])

D2[i+2,i] = D2[i,i+2]

for i in range(0,N-2,2):

D2[i,i] = P[i,i]*(I[3 ,0]+2*I[3 ,1]+2*I[3 ,2]+I[3,3]+I

[3,4])

#solve for P(j+1)

P = sol(D1+k*D2)

j = j+1

return np.dot(M,np.dot(P,M))
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5.2 Zusammenfassung

Kontrolltheorie ist ein Gebiet der mahematischen Optimierung. Sie untersucht den Ein�uss einer
sogenannten Kontrollfunktion auf ein dynamisches System. Die Kontrolltheorie �ndet daher
klassischer Weise viel Anwendung in den Natur- und Ingeneurswissenschaften. Ein klassisches
Beispiel aus der Mechanik ist das inverse Pendel Problem. Das Segway oder die erste Stufe
der SpaceX Falcon9 Rakete lassen sich beispielsweise als umgekehrtes Pendel verstehen. Dieses
Problem zählt man zu den linear quadratischen Kontrollproblemen (LQ-Probleme). Die linearen
quadratischen Kontrollprobleme werden durch ein kontrolliertes dynamisches System charakter-
isiert, welches durch eine lineare Di�erentialgleichung beschrieben werden kann. In Abhängigkeit
von dieser Dynamik gilt es eine zeitsteitge quadratische Kostenfunktion abhängig von der Dy-
namik und der Kontrolle zu minimieren.
In dieser Arbeit interessieren wir uns für das folgende LQ-Problem. Wir betrachten die

stochastische Wärmeleitungsgleichung mit multiplikativem Rauschen und Dirichlet Randbedin-

gung. Sei H := L2([0, 1]) der Raum der integrablen Funktionen über [0, 1] und ∆ = ∂2

∂x2 sei
der Laplace-Operator. Die stochastische Wärmeleitungsgleichung ist geben durch die folgende
stochastische partielle Di�erentialgleichung.

d

dt
X(t, ξ) = ∆X(t, ξ) +X(t, ξ) · Ẇ (t, ξ) ∀t ∈ (0, T ], ξ ∈ (0, 1)

X(t, 0) = X(t, 1) = 0 ∀t ∈ (0, T ], (5.1)

X(0) = x0 ∈ H,

wobei x0 ∈ H der Anfangswert ist und Ẇ weiÿes Rauschen in Ort und Zeit darstellt, de�niert
auf einem �ltrierten Wahrscheinlichkeitsraum (Ω,F , (Ft)t≥0,P). Wir fügen diesem System eine
Kontrolle (bzw. einen Regler) u : [0, T ]×Ω→ H hinzu. Wir erhalten die folgende kontrollierte
stochastische Wäremleitungsgleichung:

d

dt
Xu(t, ξ) = ∆Xu(t) + u(t) +Xu(t, ξ) · Ẇ (t, ξ), ∀t ∈ (0, T ], ξ ∈ (0, 1)

Xu(t, 0) = Xu(t, 1) = 0 ∀t ∈ [0, T ], (5.2)

Xu(0) = x0 ∈ H.

In diesem Fall, da der Regler das Innere des De�nitionsbereiches kontrolliert, sprechen wir von
einem verteiltem Kontrollproblem. In Abgrenzung hirzu gibt es ferner das Randkontrollproblem,
in diesem Fall wird die Dynamik nur auf dem Rand des De�nitionsbereiches beein�usst. Das
Ziel ist es einen vorhersehbaren quadratintegrierbaren optimalen Regulator u ∈ L2([0, T ]×Ω;H)
zu �nden, welcher die folgende quadratische Kostenfunktion minimiert:

J(u) = E

[∫ T

0

(‖Xu(t)‖2 + ‖u(t)‖2)dt+ ‖Xu(T )‖2
]

(5.3)

Die Lösung dieses verteilten linearen quadratischen Kontrollproblems ist bereits bekannt. Sei
L(H) der Raum der beschränkten linearen Operatoren auf H und P : [0, T ] → L(H) eine
Operator-wertige Funktion. Die optimale Kontrolle ist gegeben durch

ū(t) := −P (T − t)X ū(t), t ∈ [0, T ], (5.4)

falls P die folgende Riccati-Operator-Variationsgleichung löst. Wir schreiben H1
0 ⊂ H für den

Sobolev-Raum der quadratintegrierbaren Funktionen auf [0, 1] mit erster schwacher Ableitung
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und Dirichlet Randbedingung. Wir gebrauchen die Notation a(x, y) := 〈∇x,∇y〉H = −〈∆x, y〉H
für x, y ∈ H1

0 . Finde (P (t))t∈(0,T ] ⊂ L(H) mit P (0) = idH , sodass

d

dt
〈P (t)x, y〉H + a (P (t)x, y) + a (P (t)y, x) + 〈P (t)x, P (t)y〉H

= 〈P (t)Cx,Cy〉L2(H) + 〈x, y〉H , ∀x, y ∈ H1
0 , t ∈ (0, T ]. (5.5)

In diesem Fall bezeichnet L2(H) den Hilbertraum aller Hilbert-Schmidt-Operatoren und C den
Multiplikationsoperator (C(φ)ψ)(x) = φ(x) · ψ(x), φ, ψ ∈ H.
Das Ziel dieser Arbeit ist es zwei semi-explizite numerische methoden zu studieren welche

diese Funktion P und somit die optimale Kontrollfunktion ū nähern. Dies ist unerlässlich
für die praktische Anwendung. Wir binden dieses Beispiel in einen gröÿeren theoretischen
Rahmen ein, um die Konvergenz beider Methoden zu untersuchen. Das theoretische Fundament
hierfür liefert ein Paper [1] von Andersson, Djehiche und Larsson, in welchem die Existenz- und
Eindeutigkeitstheorie für allgemeinere Operator Riccati Gleichung entwickelt wird.
Sei k ∈ (0, 1] der Zeitschritt und h ∈ (0, 1] der Ortsschritt. Sei H2 der Sobolevraum quadrat-

integrierbarer Funktionen mit zweiten schwachen Ableitungen. Sei V 1
h der Finite-Elemente-

Raum der stetigen stückweise linearen Funktionen und V 2
h ⊂ H2 ∩ H1

0 der Finite-Elemente-
Raum der stückweise quadratischen Funktionen, jeweils auf einer Triagulation mit maximaler
Gittergröÿe von h. Sei Πi

h, i ∈ {1, 2} die orthogonale Projektion von H auf V ih . Die erste

Methode ist de�niert durch: Finde eine Folge (P jh,k)Nkj=0 mit P 0
h,k = idV 1

h
, sodass

〈
P jh,kφ, ψ

〉
+ ka

(
P jh,kφ, ψ

)
+ ka

(
P jh,kψ, φ

)
+ k
〈
P j−1
h,k φ, P

j−1
h,k ψ

〉
=
〈
P j−1
h,k φ, ψ

〉
+ k
〈
P j−1
h,k ΠhCφ,Cψ

〉
L2(H;H)

+ k
〈
φ, ψ

〉
, ∀φ, ψ ∈ V 1

h , j ∈ {1, . . . , Nk}. (5.6)

Die zweite Methode ist de�niert durch: Finde eine Folge (P jh,k)Nkj=0 mit P 0
h,k = idV 2

h
, sodass

〈
P jh,kφ, ψ

〉
+ ka

(
P jh,kφ, ψ

)
+ ka

(
P jh,kψ, φ

)
+ k
〈
P j−1
h,k φ, P

j−1
h,k ψ

〉
+ k2〈P jh,kΠh∆φ,∆ψ〉

=
〈
P j−1
h,k φ, ψ

〉
+ k
〈
P j−1
h,k ΠhCφ,Cψ

〉
L2(H;H)

+ k
〈
Qφ,Qψ

〉
, ∀φ, ψ ∈ V 2

h , j ∈ {1, . . . , Nk}.
(5.7)

Wir zeigen, dass die diskrete Lösung zu beiden Methoden in einer angemessenen Weise existiert
und dass diese in jedem Zeitschritt positiv und beschränkt sind. Um dies zeigen zu können,
fordern wir einige recht starke Annahmen für die erste Methode und etwas schwächere für
die zweite. Weiter zeugen wir das beide Methoden eine a-priori Kovergenzordnung von einem
γ ∈ (0, 1/2) und eine Singularität in t = 0 von einer Ordnung δ ∈ ( 1

2 , 1) haben. In beiden
Fällen nutzen wir eine Kopplung des Zeit- und des Raumschritts. Wir wählen solche h, k, dass
Konstanten M,ν > 0 existieren, sodass k ≤Mh2+ν .
Soweit es uns bekannt ist, gab es bereits Arbeiten von Benner und Mena zu dem determin-

istischen Problem und seiner numerischen Annäherung. Ergebnisse zu numerischen Lösungen
für die Riccatigleichung für deterministische Kontrollprobleme können in [20] gefunden wer-
den. Weitere Ergebnisse be�nden sich in [7], worin e�ziente Algorithmen für groÿe Riccati
Gleichungen untersucht werden. Groÿe Riccatigleichungen nähern ihrerseits die integrale Ric-
catigleichung an, welche von Gibson gefunden wurde, siehe [14]. Der Ansatz von Gibson fand
weitere Anwendung bei Banks und Kunich, siehe [5]. Abgesehen von der neuesten Arbeit von
Levajkovi¢, Mena and Tu�aha, [18] und [19], sind uns keine weiteren Publikationen bekannt,
welche den stochastische Fall und die Näherung der entsprechenden Riccatigleichung behandeln.
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5.2 Zusammenfassung

Daher gehen wir davon aus, dass es neu ist, dass wir die Variation der Konstanten zur Diskretis-
ierung von Riccatigleichungen in Raum und Zeit benutzen. Soweit wir wissen ist dies auÿerdem
die erste Arbeit in der Zeit- und Raum-diskerte numerische Methoden für die Riccatigleichung
mit Hilfe von Halbgruppen und deren rigorose a-priori Kovergenzordnungen untersucht werden.
Die zweite Methode ist neu und simpler zu implementieren. Wählt man für beide Methoden
stückweise quadratische Funktionen zur Näherung, so verbessert die zweite Methode die Laufzeit
im Vergleich zur ersten. Unsere Ergebnisse sind zum Teil Basis für ein zukünftiges Paper über �-
nite Elemente-Näherung für Operator-Lyapunov-Gleichungen von Andersson, Lang, Pettersson
und Schroer [3].
Diese Arbeit setzt sich aus drei Kapiteln zusammen. Im ersten Kapitel wiederholen wir

die nötigen Vorraussetzungen und Werkzeuge für die spätere Fehleranalyse. Diese bestehen
hauptsätzlich aus grundlegenden Ergebnissen aus der Theorie über stark stetige Halbgrup-
pen und der Formulierung der relevanten Riccati-Operator-Gleichung. Eine rigorose De�nition
einer schwachen Lösung der Riccati-Operator-Gleichung geben wir in Bezug auf die Riccati-
Operator-Variationsgleichung 1.18. Am Ende des ersten Kapitels zeigen wir, dass der gegebene
theoretische Rahmen tatsächlich zu dem gewählten Szenario passt, siehe Lemma 1.11. Im
zweiten Kapitel zeigen wir nützliche Neuformulierungen der beiden Methoden, die Existenz und
Eindeutigkeit beider Methoden und beweisen deren Konvergenz. Für die Existenz siehe Lem-
mata 2.1 und 2.2. Für die Existenz der ersten Methode gebrauchen wir deren Verwandtschaft
zur Sylvester Gleichung. Das Hauptwerkzeug im Beweis der Konvergenz ist Gronwalls Lemma,
hierfür siehe Theorem 2.4 und Theorem 2.6. Im dritten und letzten Kapitel zeigen wir einige
numerische Ergebnisse für das obige Beispiel der stochastischen Wärmeleitungsgleichung. Der
entsprechende Python Code be�ndet sich im Appendix.
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